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Abstract. 

In the given paper we prove that every automorphism of a Chevalley group of type Bi, I ^ 2, 
over a commutative local ring with 1/2 is standard, i.e., it is a composition of ring, inner and 
central automorphisms. 



Introduction 



An associative commutative ring R with a unit is called local, if it contains exactly one 
maximal ideal (that coincides with the radical of R) . Equivalently, the set of all non-invertible 
elements of R is an ideal. 

We describe automorphisms of Chevalley groups of type Bi over local rings with 1/2. 
The analogue of Theorem 1 for the root systems Ai,Di, and Ei was obtained by the author 
in [12], in [T3] all automorphisms of Chevalley groups of given types over local rings with 1/2 
! were described. Theorem 1 for the root systems B2 and G2 is proved in [13], for the system F4 
^ ' it is proved in [15]. . 

t:;^- ■ Similar results for Chevalley groups over fields were proved by R. Steinberg [51] for the finite 
case and by J. Humphreys [37] for the infinite case. Many papers were devoted to descrip- 
tion of automorphisms of Chevalley groups over different commutative rings, we can mention 
here the papers of Borel-Tits ^9], Carter-Chen Yu [H], Chen Yu [IB]-[22], A. Klyachko ^UJ. 
E. Abe [T] proved that all automorphisms of Chevalley groups under Noetherian rings with 1/2 
are standard. 

^ I The case Ai was completely studied by the papers of W.C. Waterhouse [Mj, V.M. Pe- 
■ techuk [3^, Fuan Li and Zunxian Li [ID], and also for rings without 1/2. The paper of 



I.Z. Golubchik and A.V. Mikhalev [31] covers the case Ci, that is not considered in the present 
paper. Automorphisms and isomorphisms of general linear groups over arbitrary associative 
rings were described by E.I. Zelmanov in [69] and by I.Z. Golubchik, A.V. Mikhalev in [32] . 

We generalize some methods of V.M. Petechuk [35] to prove Theorem 1. 

The author is thankful to N.A. Vavilov, A. A. Klyachko, A.V. Mikhalev for valuable advices, 
remarks and discussions. 
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of Basic Research 08-01-00693. 
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1. Definitions and main theorems. 

We fix the root system <l> of tlie type Bi, I ^ 2. Detailed texts about root systems and tlieir 
properties can be found in the books [3H], [TT])- 

Let Ci, . . . , 6/ be an orthonorm basis of the space W. Then we numerate the roots of Bi as 
follows: 

ai = ei- 62, ^2 = 62 - 63, = 6i_i - 6/, «/ = 6; 

are simple roots; 

6j it 6j, 6j, Z < J, 

are other positive roots. 

Suppose now that we have a semisimple complex Lie algebra C of type $ with Cartan sub- 
algebra 7i (detailed information about semisimple Lie algebras can be found in the book |38j). 

Then we can choose a basis {hi, . . . , hi} in H and for every a G $ elements Xa G so 
that {/ij; Xq} form a basis in £ and for every two elements of this basis their commutator is an 
integral linear combination of the elements of the same basis. 

Let us introduce elementary Chevalley groups (see, for example, [50]). 

Let £ be a semisimple Lie algebra (over C) with a root system ^, n : C —>■ gl{V) be its 
finitely dimensional faithful representation (of dimension n). If 7i is a Cartan subalgebra of C, 
then a functional A G 7i* is called a weight of a given representation, if there exists a nonzero 
vector V E V (that is called a weight vector) such that for any h eH 7r(/i)t> = X{h)v. 

In the space V there exists a basis of weight vectors such that all operators Ti{xaY /k\ 
/c G N are written as integral (nilpotent) matrices. This basis is called a Chevalley basis. An 
integral matrix also can be considered as a matrix over an arbitrary commutative ring with 1. 
Let R be such a ring. Consider matrices n x n over R, matrices TT{xo,)^/k\ for a G $, G N 
are included in Mn{R)- 

Now consider automorphisms of the free module i?" of the form 

exp(tX„) =Xa{t) = 1+ tXa + t^{Xaf/2 + ■■■+ t''{Xaf/k\ + ... 

Since all matrices x^ are nilpotent, we have that this series is finite. Automorphisms Xa{t) 
are called elementary root elements. The subgroup in Aut^R"'), generated by all Xa(t), a G 
t E R, is called an elementary adjoint Chevalley group (notation: i?ad('^',-R) = -E'ad(-R))- 
The action of Xa{t) on the Chevalley basis is described in [16], [59] . 

All weights of a given representation (by addition) generate a lattice (free Abelian group, 
where every Z-basis is also a C-basis in Ti.*), that is called the weight lattice A^. 

Elementary Chevalley groups are defined not even by a representation of the Chevalley 
groups, but just by its weight lattice. Namely, up to an abstract isomorphism an elemen- 
tary Chevalley group is completely defined by a root system $, a commutative ring R with 1 
and a weight lattice A^^. 

Among all lattices we can mark the lattice corresponding to the adjoint representation: it is 
generated by all roots (the root lattice Aad)- The corresponding (elementary) Chevalley group 
is called adjoint. 
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Introduce now Chevalley groups (see [50], [23], [TO], [IS], [26], [57], [59], and also latter 
references in these papers). 

Consider semisimple linear algebraic groups over algebraically closed fields. These are pre- 
cisely elementary Chevalley groups E.„{^,K) (see. [50], §5). 

All these groups are defined in SLn{K) as common set of zeros of polynomials of matrix en- 
tries aij with integer coefficients (for example, in the case of the root system Ci and the universal 
representation we have n = 21 and the polynomials from the condition {aij)Q{aji) — Q = 0). 
It is clear now that multiplication and taking inverse element are also defined by polynomials 
with integer coefficients. Therefore, these polynomials can be considered as polynomials over 
arbitrary commutative ring with a unit. Let some elementary Chevalley group E over C be 
defined in S'L„(C) by polynomials Pi{aij), . . . ,Pm{ciij). For a commutative ring R with a unit 
let us consider the group 

G{R) = {{aij) G SLn{R) I Pi{aij) = 0, . . . ,Pm{aij) = 0}, 

where pi(. ..),.. .Pm{- ■ ■ ) are polynomials having the same coefficients as pi{. ..),... ,Pm{- ■ ■ ), 
but considered over R. 

This group is called the Chevalley group G.,r{^,R) of the type $ over the ring R, and for 
every algebraically closed field K it coincides with the elementary Chevalley group. 

The subgroup of diagonal (in the standard basis of weight vectors) matrices of the Chevalley 
group Gnl^, R) is called the standard maximal torus of G7r($, R) and it is denoted by Tt^I^, R)- 
This group is isomorphic to i7om (A^r, R*). 

Let us denote by h{x) the elements of the torus T^(<l',-R), corresponding to the homomor- 
phism X ^ Hom{A{7i), R*). 

In particular, ha{u) = h{xa,u) («€/?*,«€$), where 

Xa,. : A ^ (AeA,). 

Note that the condition 

G^{^,R) = E^i^,R) 

is not true even for fields, that are not algebraically closed. Let us show the difference between 
Chevalley groups and their elementary subgroups in the case when R is semilocal. In this 
case G.„{^,R) = Et,{^, R)Tt^{^, R) (see [?], [2\, [?]), and elements h{x) are connected with 
elementary generators by the formula 

(1) Kx)xmHxy' = xf3{xm)- 

In the case of semilocal rings from the formula ([T]) we see that 

[G(<l>,i?),G($,i?)] CE($,i?). 
If R (as in our case) also contains 1/2, / ^ 2, we can easily show that 

[G($,i?),G(<l>,i?)] = [E{<!>,R),E{<!>,R)] = E{<!>,R). 

Define four types of automorphisms of a Chevalley group Gt^{^, R), we call them standard. 

Central automorphisms. Let Cg{R) be a center of G'^($,i?), r : G'^($,_R) — Cg{R) be 
some homomorphism of groups. Then the mapping x ^ t{x)x from G'^($,i?) onto itself is 
an automorphism of G7r($,i?), that is denoted by r and called a central automorphism of the 
group G^($,i?). 
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Note that every central automorphism of a Chevalley group Gt^{^, R) is identical on the com- 
mutant. Under our conditions the elementary subgroup E^{^, R) is a, commutant of the groups 
and therefore on elementary Chevalley groups all central automorphisms 

are identical. 

Ring automorphisms. Let p : R ^ R he an automorphism of the ring R. The mapping 
(oij) I— s> (p(aij)) from Gt^{^,R) onto itself is an automorphism of the group that is 

denoted by the same letter p and is called a ring automorphism of the group CttC^, R)- Note 
that for all q; e $ and t E R an element Xa{t) is mapped to Xa{p{t)). 

Inner automorphisms. Let S be some ring containing g be an element of G.,^{^,S), 
that normalizes the subgroup G^^i^, R). Then the mapping x h- > gxg~^ is an automorphism of 
the group G'^($, i?), that is denoted by ig and is called an inner automorphism, induced by the 
element g e G^^l^, S). li g & GttC^, R), then call ig a strictly inner automorphism. 

Graph automorphisms. Let S be an automorphism of the root system $ such that SA = A. 
Then there exists a unique automorphisms of G'7r(*^'i R) (we denote it by the same letter 6) such 
that for every a G $ and t E R an element Xa{t) is mapped to xs(a){£{ci:)t), where e{a) = ±1 
for all q; e $ and e{a) — 1 for all a e A. 

There no graph automorphisms in the case Bi under consideration. 

Similarly we can define four type of automorphisms of the elementary subgroup E{R). An 
automorphism a of the group GTr{^,R) (or £'^($,i?)) is called standard if it is a composition 
of automorphisms of these introduced four types. 

Together with standard automorphisms we use the following "temporary" type of automor- 
phisms of an elementary adjoint Chevalley group: 

Automorphisms— conjugations. Let V be the representation space of the group E^d R), 
C e GL (V) be some matrix from its normalizcr: 

GE^{^,R)G-' = E^{^,R). 

Then the mapping x i-^ GxG"^ from ETr{^, R) onto itself is an automorphism of the Chevalley 
group, that is denoted by i and is called an automorphism-conjugation of E{R), induced by an 
element G of GL{V). 

Our aim is to prove the next main theorem: 

Theorem 1. Let G = Gt;{^, R) (£^7r($, R)) be an (elementary) Chevalley group with a the root 
system Bi, I ^ 2, R is a commutative local ring with 1/2. Then every automorphism of G is 
standard. If the Chevalley group is adjoint, then an inner automorphism in the composition is 
strictly inner. 

The main theorem follows from the next two theorems: 

Theorem 2. Every automorphism of an elementary adjoint Chevalley group of type Bi, I ^ 2, 
over a local ring with 1/2 is a composition of a ring automorphism and an automorphism- 
conjugation. 

Theorem 3. Every automorphism-conjugation of an elementary adjoint Chevalley group of 
type Bi, I ^ 2, over a local ring is strictly inner {conjugation with the help of the corresponding 
Chevalley group). 
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Four next sections a devoted to the proof of Theorem El § 6 is devoted to the proof of 
Theorem [31 

2. Replacing the initial automorphism to the special one. 
In this section we use some reasonings from [15]. 

Let J be the maximal ideal (radical) of i?, k the residue field R/ J. Then Ej = Ead{^, R, J) 
is the greatest normal proper subgroup of £'ad R) (see p]). 
Therefore, Ej is invariant under the action of ip. 
By this reason the automorphism 

: Ead ($, i?) ^ ^ad ($, i?) 

induces an automorphism 

if : E^ ($, R)/Ej = ($, k) E^ ($, k). 

The group -Ead k) is a Chevalley group over field, therefore the automorphism Tp is standard, 
i. e. it has the form 

-^ = ig-p, g eEj{E^{^,k)). 

(for the type Bi graph automorphisms do not exist). 

It is clear that there exists a matrix g e GLn{R) such that its image under factorization R 
by J coincides with g. We are not sure that g e iVGL„(_R)(-Sad R))- 

Consider a mapping (p' = ig-iip. It is an isomorphism of the group Ead{^,R) C GLn{R) 
onto some subgroup in GLn{R), with the property that its image under factorization R hj J 
coincides with the automorphism p. 

It gives us that Every matrix A G -Ead (*&, R) with elements from the subring R' of R, 
generated by unit, is mapped under the action of ip' to some matrix from the set A ■ GL „(i?, J). 

No use some arguments from the paper [15] (the group SL„{R) was considered there). 

Let a G Eadi^,R), cl"^ = 1- Then the element e = ^(1 + a) is an idempotent in the ring 
Mn{R). This idempotent e defines a decomposition of the free i?-module V = R^: 

V = eV ®{l-e)V = Vo®Vi. 

With the isomorphism ip' we associate the decomposition V = Vq (B V( of our module V, 
defined by an idempotent e' = ^{1 + (p{a)). Let V = Vo(BVi = VQ(BV-^he decompositions of 
a fc-module V with respect to a and ^{a), and e = |(l + a), e' = |(1 + ^p(a)). 
Then we have 

Proposition 1. (see Proposition 6 in [45j). The modules (subspaces) Vo, Vi are images of the 
modules Vq, Vi under factorization by J. 

Proof Let us denote the images of Vq, Vi under factorization by J by Vq, Vi, respectively. Since 
Vq = {x E V\ex = x}, Vi = {x G V\ex = 0}, we have e{x) = |(1 + a){x) = |(1 + a(x)) = 

1(1 + ^) = 4^. Then Vo C Vq, V CVi. 

Let X = Xq + Xi, Xq G Vq, Xi G Vi. Then e(x) = e{xo) + e{xi) = Xq. If x G Vq, then 

X = Xo. □ 
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Similarly to Proposition 8 from [45j we have 

Proposition 2. Suppose that an isomorphism ip' : E^^^i^^^R) — > ip{E^{<^,R)) C GL„(i?) 
satisfies all properties described above, a G E^{^,R), = 1, a is a matrix with elements from 
the suhring of R, generated by the unit, b and a are equivalent modulo J , V = Vq (B Vi is a 
decomposition ofV with respect to a, V = Vq © V( is a decomposition ofV with respect to b. 

// Vo, Vi are free modules, then V^, V{ are also free modules and dim = dim Vq, dimVY = 
dim Vi . 

3. The images of Wa, 

We consider some fixed adjoint Chevalley group E = Ead{^,R) with the root system Bi 
(Z ^ 2), its adjoint representation in the group GLn{R) {n = I + 2m, where m is the number of 
positive roots of $), with the basis of weight vectors vi = Xai,V-i = X-a^, . . . ,Vn = Xa„, f_„ = 
X-a„, Vi = hi, . . . ,Vi = hi, corresponding to the Chevalley basis of the system $. 

We also have the isomorphism described in Section 2. 

Consider the matrices 1), • • • , 1) in our basis. They have the form 



= diag[±l,..., 




on (2j — l)-th and (2j)-th places we have —1 if and only if {ai,aj) = —1. As we see, for all i 

According to Proposition [2] we know that every matrix hi = (y9"(/iQ,^(— 1)) in some basis is 
diagonal with ±1 on the diagonal, and the number of 1 and —1 coincides with its number for 
the matrix /iq,^(— 1). Since all matrices hi commutes, there exists a basis, where all hi have the 
same form as /Iq. (— 1). Suppose that we come to this basis with the help of the matrix gi. It is 
clear that gi G GLn{R, J). Consider the mapping ipi = ig^^'- It is also an isomorphism of the 
group E onto some subgroup of such that its image under factorization i? by J is p, 

and = for all i = 1, . . . ,1. 

Let us consider the isomorphism (pi. 

Every element Wi = WaX^) moves by conjugation hi to each other, therefore its image has a 
block-monomial form. In particular, this image can be rewritten as a block-diagonal matrix, 
where the first block is 2m x 2m, the second is I x I. 

Consider the first basis vector after the last basis change. Denote it by e. The Weil group 
W acts transitively on the set of roots of the same length, therefore for every root of the 
same length as the first one, there exists such g W, that w^^^^ai = ai. Similarly, all roots 
of the second length are also conjugate under the action of W. Let be the first root of the 
length that is not equal to the length of ai, and let / be the k-th basis vector after the last 
basis change. If aj is a root conjugate to ak, then let us denote by w^a^) an element of W such 
that W(^aj)(^k = Oij. Consider now the basis ei, . . . , e2m, e2m+i, • • • , e2m+«, where ei = e, = /, 
for 1 < 2 < 2m either Cj = Lpi{w^°'^'>)e, or = ipi{w[ai))f (it depends of the length of ak); for 
2m < i ^ 2m + / we do not move Cj. Clear that the matrix of this basis change is equivalent 
to the unit modulo radical. Therefore the obtained set of vectors also is a basis. 
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Clear that a matrix for (pi{wi) (i = 1, ...,/) in the basis part {ci, . . . , e2m} coincides with the 
matrix for Wi in the initial basis of weight vectors. Since hi{—l) are squares of Wj, then there 
images are not changed in the new basis. 

Besides, we know that every matrix (fi{wi) is block- diagonal up to decomposition of basis in 
the first 2m and last I elements. Therefore the last part of basis consisting of / elements, can 
be changed independently. 

Let us denote the elements and their images on this part of basis by Wi and w[, respectively. 
These are matrices I x I. 

The matrix wi is identical on the positions 3, . . . , Z, on the positions 1, 2 it has the form 

-1 r 

1^ 

The matrices Wi, i = 2, — 1, are identical on the positions 1, . . . , i — 2, i + 2, . . . , Z, and on 
the positions i — + 1 they have the form 

'l 0^ 
1-11 
,0 1^ 

The matrix wi is identical on the positions 1, ... ,1 — 2, and on the positions Z — 1, Ht is 

'1 
^2 -1 

Let V — Vq ® VI be a decomposition of w[. 
Lemma 1. Matrices w[ and w'p i ^ j, commute if and only if VI C V^ and V( C Vq. 

Proof. If ipi{wi) and ipi{wj) commute, then the (free one-dimensional) submodule V^ is proper 

for ifiiwj) and the (free onc-dimensional) submodule Vl is proper for ipi{wi). Therefore either 
VI C V( or VI C Vq. If VI C Vl then V^ = V(. Since the module Vq is invariant for <^i(wj), 
we have Vq C Vq , therefore Vq = Vq , and so (pi{wi) — ^i(wj) and we come to contradiction. 
Consequently, Vi C Vq , and similarly V^ G Vq. □ 

Lemma 2. For the root system Bi there exists such a basis in V that the matrix (pi{wi) in this 
basis has the same form as Wi, i.e. is equal to 





1 








1 











El-2 



Proof. Since Wi is an involution and Vi has the dimension 1, then there exists a basis {ci, 62, ... , e;}, 
such that w[ in it has the form diag [—1, 1, . . . , 1]. In the basis (ci, 62 — l/2ei, 63, ... , the 
matrix w[ has the obtained form. □ 



Lemma 3. For the root system Bi, I > 2 if wi = w'l, .. ., Wi-i = w^.i, i < I, then we can 
choose a basis in V such that in this basis wi = w[, . . . , Wi-i — w'^_i, w[ — Wi. 
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Therefor we can suppose that w'2 is 



Since w'^ commutes with wi,. . . , Wi-i and is 



Proof. An intersection of modules Vq, V^, . . . , V^* is a free module of dimension > I — i — 1. 



an involution, then the matrix is identical on the first i — 2 vectors. Now we can consider 
not all module V, but its restriction on three basic vectors with numbers i — + 1. Let 



oi a2 03 
h 62 h 

. Cl C2 C3 ^ 



Making the basis change with the matrix 

/Ei^2 

bi (l-6i)/2 
10 





V 













\ 




1 
Ei_i_,j 



we have that Wi,. . . , Wj-i are not moved, but w'2 are moved to 



1 b'2 b', 

Cl C2 C3 



Now use the following conditions: w[ = E (cond. 1) and Wi^iw[wi^i = w^Wi^iw'- (cond. 2). 
If wc take the sum of these two conditions, then the second line of the obtained sum directly 
gives us tti = 1, 02 = as = 0. 

The position (2, 3) of the second condition gives 63(62 + C3) = 0, and since 62 is invertible, we 
have C3 = — 62- 

Additionally we make the basis change with the help of the matrix 

fE,_2 \ 

10 

10 

1 + 62 63 

V Ei^i^iJ 

the elements Wi,. . . , Wi-i are not moved, but W2 is moved to 

^i(wi) = 



1 0^ 
1-11 
y 1 

Now from the first condition it directly follows x — y = 0, that is what we need. 



□ 



Lemma 4. For the root system Bi if Wi 



w 



wi^i = 'w'i_-^^, then one can choose a basis 



in V such that Wi = w[, . . . , wi^i = w'i_^, w\ = wi in this basis. 
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Proof. Since w'l commutes with all wi, . . . , wi-2 and has the order two, then on basis elements 
ei,...,e/_2 it is identical. Therefore we only need to consider last two basis elements, the 
matrix under consideration can be supposed a 2 x 2 matrix of the form 

a b 
c d 

Since it has the order two, we get c(a + d) =0, and since c = 2 mod J, then a + d 
After the basis change with the matrix 





the elements Wi, . . . , wi^i are not moved, and w'l becomes 


1 

c 

Again from the fact that the matrix has the order two, and c is invertible, we get 6 = 0. 
Now use the condition 

it directly gives c = 2. □ 

Therefore, we now can come from the isomorphism ipi under consideration to an isomorphism 
(/?2, with all properties of y^i, and such that ^2{wi) = Wi for alH = 1, . . . , /. 
We suppose that we have the isomorphism <^2 with these properties. 



4. Images of 0:0:^(1) and /^^^(t). 

In this section we want to prove that under one more basis change we can come to an 
isomorphism ips with all properties of the previous one and such that ips{xa{l)) = Xa{l) for all 
a e $, ip^ihait)) = hais) for all t G -R*, a G $. 

Unfortunately it is not possible to make a proof for all systems Bi, I ^ 2, simultaneously. 
We consider separately the cases / = 2, / = 3, / = 4, / ^ 5. 

Note that the case B2 was studied in the paper [T3] . 

4.1. The case B3. In this case we have the following roots: ai = ei — 62, 0:2 = 62 — 63, 0:3 = 63, 

04 = «i + a2 = ei — 63, as = ^2 + ^3 = 62, ae = ai + 02 + 03 = ei, 07 = ^2 + 2^3 = 62 + 63, 
tts = tti + "2 + 2^3 = ei + 63, 0:9 = 0:1 + 2o2 + 203 = ei + 62- 

Let xi = ip2{xa^{l)), X3 = v22(a;„3(l)). 

Note that 

= diag [1, 1, -1, -1, 1, 1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, 1, 1, 1, 1, 1], 
h^,{-l) = diag [-1, -1, 1, 1, -1, -1, -1, -1, -1, -1, 1, 1, 1, 1, -1, -1, -1, -1, 1, 1, 1]. 
Recall for the convenience that 
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Wi 

X3 



^ai,— ai ^—cti^cti ~l~ ^0:2,0:4 



~l~ ^—0:2,— 0:4 ^a45a2 ^— a45Q;2 



+ e, 



"3, as 



■0:3,-03 



+ 



as,— ae ^aej^s ^— a6,a5 ^07,03 ~l~ 6— ay,— as 603,07 6— as,— 07"!" 



~l~ ^09,09 ~l~ 6-09,-09 ^hi,h\ ~l~ ^hi,h2 6^2,/i2 ^hsjhsi 



6a2,— 02 6_o;2,a2 6q;^^Q.^ 



^03,05 I "-'-03,-06 



-'06,03 



-06,03 



-'06,06 



-06,— 06 



-'07,07 



-07,-07 



-OS,- 09 



-'09,08 



6— a9,— as ^hi,hi ~l~ ^h2,hi ^h2,h2 ^h2,h3 ~l~ ^hsjhsi 



+ e, 



01,01 



02,07 



-02,-07 



07,02 ~l~ C_Q,y^Q,2 Cq,3^_Q;3 e_Q;3^Q;3 



^04,0S I "-'-04,-08 I "-'08,04 ' "-'—08,04 ' "-'05,05 I "-'-05,-06 
~l~ ^Oq.Oq ~I~ 6-09,-09 ~l~ ^hl,hl ~l~ 6/l2,'j2 ~^ ^6^13, /l2 ^hsjhsj 



-'06,06 



+ 
06,— 06 



^09,09 

6/11,— 01 ~l~ "^^aijhi 601,^2 604,02 

~l~ 6os,07 6— 07,— OS) 

6Q,^^Q,g + 2e_Q,g^_Q,^ Ca8,06 



6-02,-04 ~l~ 6, 



-'06,06 



6— 06,— 06~l~ 



05,02 "-'-02,-05 
06,— 08 ■ 



+ 2e, 



06,04 



e_ 



04,— 06 



Since the matrices Xi and ^3 commute with /i^^j (—1), then both of them are separated into the 
blocks corresponding to the basis parts {vi, v^ijV^, Vg, v_g, Vl, ^2, V3} and {v2, v_2, V4, v_4, v^, v^^, 

Ve,V^e:V7,V_7,Vs,V_s}- 

Since the matrix Xi commutes with ^3 and W2W3W2WiW2^w^^W2^ , it follows that on the first 
block it has the form 

\ 





tl 


t2 


t3 


-ta 


t4 


-ti 


-2*5 


ts 





id 


tr 


ta 


-ta 


tg 


-tg 


— 2tio 


tio 







til 


tl2 


tl3 


tl4 


—tl5 


tl6 


— 2ti6 — 2tl7 


tie 


tlT 




-til 


-tl2 


tl4 


tl3 


tl5 


-tl5 


2tl6 + 2*17 


tie — "^tn 


tl7 




tis 


tig 




t20 


t21 


t22 


t23 


*24 







-tis 


—tig 


t20 


— t20 


t22 


t21 


— *23 


*23 + t24 







t25 


t26 


—t27 


t27 


t2ii 


t29 


tso 


t31 



















t28 + t29 


t28 + t29 





2*31 + *30 





v 








t32 


t32 


t2a + t29 


t28 + t29 





t33 


2*31 — t33 



■ t30/ 



and on the second block it is 



/ 


*34 


*35 


*3fi 


t37 


*38 


t39 


*40 


*41 


*42 


*43 


*44 


*45 


ti6 


*47 


^48 


t4>.) 


^50 


t51 


tr>2 


*53 


£54 


t55 


*56 


t57 




— *49 


— *48 


*47 


tie 


-*53 


-*52 


*51 


*50 


-i57 


— *5B 


*55 


*54 




-*37 


-^36 


t35 


*34 


— *41 


— t4o 


*39 


*38 


— ti5 


— *44 


ti3 


(42 




thS 


tsg 


teo 


*61 


*62 


te3 


*64 


tes 


t58 


tsg 


teo 


tei 




tee 


te7 


ten 


teg 


t7» 


t71 


t72 


t73 


tee 


te7 


tea 


teg 




-teg 


— *68 


*67 


tee 


-t73 


-t72 


t71 


t-u 


-teg 


-tes 


te7 


tee 




—tei 


-^60 


^59 


t^a 


—teb 


-tei 


t63 


te2 


—tei 


—teo 


tsg 


tsa 




*42 


*43 


*44 


*45 


t38 


t39 


*40 


til 


*34 


t35 


t36 


t37 




t^i 




*56 


t57 


*38 


*39 


t40 


til 


^34 


t3S 


t36 


t37 


\ 


-t57 


—the 


t55 


t54 


-t53 


-t52 


tsi 


tzo 


— 149 


—t48 


*47 


tie 


— *46 


— *44 


*43 


*42 


— *41 


— *40 


tsg 


tsa 


—t37 


—t3e 


t35 


*34 
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Similarly, since the matrix commutes with Wi and W2W3W2 ^, we have that on the first 
block it is 







/ Ul 


U2 


US 


U4 


Uz, 




-US 




2u(i — 2«7 




Ufi 


U7 \ 










U2 


Ul 


-U3 


—U4 


— 




US 




2uf} — 2«7 


U(i + 2m7 


-U7 










—us 


US 


ug 


UIO 


us 




— US 









-Mil 


Mil 










U12 


— U12 


U13 


U14 


—U12 




U12 









-UlS 


UlS 










US 


—US 


—U3 


—U4 


Ul 




U2 







U6 + 2U7 


-U7 










—US 


US 


U3 


U4 


U2 




Ul 









U6 


U7 










-U16 


-U16 








U16 




U16 


U20 + U21 






























2U16 




2ui6 







U20 + U21 













\-Ul7 


un 


U18 


uig 


2ui6 + Un 


2uie + ui7 


U20 






) 






second block it is 
























/ 


«22 


U23 


-U24 


-U2S 


U2T 


U26 


-U28 


U28 


U29 


U30 


U2S 


U24 








«31 


U32 


-U33 


-U34 


U36 


U3S 


-U37 


U37 


U38 


U39 


U34 


U33 








U24 


U2S 


U22 


U23 


U2S 


-U2S 


U27 


U26 


-U2S 


-U24 


U29 


U30 








U33 


U34, 


U31 


U32 


U37 


-U37 


U36 


U3S 


-U34 


-U33 


«38 


U39 








M40 


M41 


-U42 


-M43 


U44 


M45 


-U4(i 


M46 


U47 


U4S 


M43 


U42 








«48 


«47 


U42 


U43 


U45 


M44 


U4& 


—U46 


U41 


U40 


-«43 


-M42 






U42 


M43 


U40 


U4i 


U46 


-M46 


U44 


U45 


—U43 


-U42 


U47 


M48 










-UA2 


— M43 


U4S 


U47 


-«46 


U46 


U45 


U44 


U43 


U42 


U41 


M40 








U39 


"38 


U33 


U34 


«35 


«36 


U37 


-U37 


U32 


U31 


—U34 


-U33 








U29 


U24 


U2S 


U26 


U27 


U28 


-U28 


U23 


U22 


-U2S 


-U24 




V 




-U33 


-U34 


U39 


U3a 


-U37 


U37 


U3S 


U36 


U34 


U33 


U32 


U3I 




J 




-U24 


-U2S 


U30 


U29 


-U28 


U28 


U26 


U27 


U2S 


U24 


U23 


U22 





We have that ti, ty, ti3, ^21) ^30) ^34) ^47, ^62, ^7i, Wi, wg, M14, M21, U22, ^^32) ^44 are equivalent to 1 
modulo radical, t2,t5,t26,t4g,t-j3,UiQ,Uig,U35,U3g are —1 modulo radical, Mii,M4o are 2 modulo 
radical, all other elements are form the radical. There are 121 variables ti, . . . , tjs, Ui, . . . , u^s- 

We apply step by step three basis changes, commuting with each other and with all matrices 
Wi. These changes are represented by matrices Ci, C2, C3. The matrix Ci is block-diagonal 
with 2x2 blocks. On all 2 x 2 blocks, corresponding to long and short roots, the matrix Ci 
has the form 

/ 1 -Uis/Uig\ 
\-Uis/uig 1 J ' 

On the last block it is identical. 

The matrix C2 is diagonal, it is identical on the last block, it is scalar with a on all places 
corresponding to the roots. 

The matrix C3 is the sum of an identical matrix and 2x2 blocks on the following places: the 
lines correspond to the basis part {va, f-a}; en — Ci — 62, 62 + 63, ei — 63, the rows correspond 
to the basis part {v^, V-/?}, /9 = 63, Ci, 62, and the matrix 

f h -t3\ 
\-t3 h J ' 

if the lines correspond to the basis part {va, V-a}, a — ei + 62, 62 — 63, ei + 63, then the rows 
again correspond to the basis part {vfs,V-f3}, (3 = 63,61,62, and the matrix is opposite. 

Since all three matrices commute with all Wi, then after the basis change with any of these 
matrices all conditions on the elements of the matrices Xi and a;3 still hold. 

At first we apply the basis change with Ci. After it new Uis in X3 becomes equal to zero (for 
the convenience of notations we do not rename variables). Then choose a — —1/uig (where 1*19 
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is the last one). We see that Uis is not moved and Uig becomes equal to —1. Finally, applying 
the last change we get ts = 0. 

Now we can suppose that Uis — 0, Uig — —1, ^3 = 0, and we have 118 variables. 

Introduce X4 = (p2{Xai{l)) = W2XiW2^, X2 = (p2{Xa2{'^)) = WlX4Wf\ X7 = (p2{Xar{i-)) = 

103X210^'^, X5 = (^2(2:05(1)) = W2X3W2^. 

Use now the following conditions, that are true for the elements Wi and xf 



Conl = 


{h2Xih2Xi = E); 


Con2 = 


{xiX4 — X4X1); 


Con3 = 


{X1X3 = X3X1); 


ConA = 


(xiX2 = 


Con5 = 


{^7X3 = X3X7); 


Con6 = 


{h2X3h2X3 = E); 


Con7^ 


{X^X3X5 = X5X3). 



Note that every matrix condition is the set of 441 polynomial identities, where all polynomials 
have integer coefficients and depend of the variables ti, Uj. Temporarily rename all variables in 
vi, . . .,vns. 

Suppose that one of our polynomials can be rewritten in the form 

(^^feo - Vko)A + {vi - vi)Bi + ... 

\- (vko-i - Vko-i)Bko-i + (vko+i - Vko+i)Bko+i H \- V118 - Viis)Biis = 0, 

where Vi is such an integer number that is equivalent to Vi modulo radical, the polynomial A in 
invertible modulo radical, Bi are some polynomials (the variable Vk^ can enter in all polynomial 
and also in A). Then 

Vko - Vko = 

^ (^1 - vi)Bi H h (^fco-i - Vko-i)Bko-i + (^fco+i - Vko+i)Bko+i H h ^;ii8 - ^ii8)-Sii8 

A 

we can substitute the expression for Vk^^ in all other polynomial conditions. If we can choose 
118 such conditions that on every step we except one new variable, then on the last step we 
obtain the expression 

{vk^.s -Vk,,,)C = 0, 

where C is some rational expression of variables vi, . . . , vus, invertible modulo radical. There- 
fore, we can say that Vk^^g = Vfc^jg , and consequently all other variables are equal to the integer 
numbers equivalent them modulo radical. The existence of the obtained 118 conditions is equiv- 
alent to the existence of such 118 conditions that the square matrix consisting of all coefficients 
of these conditions modulo radical has an invertible determinant. 

Since it is very complicated to write a matrix 118 x 118, we will sequentially take the obtained 
equations, but for simplicity write coefficients A and B^ modulo radical (in the result these 
coefficients are just numbers 0, ±1, ±2). 
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We write below how the variables are expressed from the conditions (in brackets we write the 
number of the condition and the position there): (Conl, 1, 1): = 2{ti — 1); (Conl, 1, 2): = 
-h-2t5] (Conl, 1,5): ts ^ 2t27; (Conl, 1,17): ^ 2U-tg + t2<); (Conl, 1,19): ho^ho-h] 
{Conl, 5, 1): tu = 0; (Conl, 5, 2): = 2tiQ + 2tn; {Conl, 5, 5): iig = 1; (Conl, 5, 6): tu = 0; 
(Conl, 5, 17): tis = 0; (Conl, 17,1): tig = 0; (Conl, 17, 2): tsa = -tig; (Conl, 17, 5): tao = 0; 
(Conl, 19, 5): ^27 = 0; (Conl, 19, 1): ti = 1; (Conl, 19, 20): ho = 1 - 2^31; (Conl, 19, 18): 
tg = 0; (Conl, 2, 2): igi = 1 + ^s; (Conl, 1, 20): = -1; (Conl, 18, 18): t2i = 1; (Conl, 6, 2): 
= -t^g; (Conl, 18, 17): = 0; (Conl, 21, 21): tgg = 0; (Conl, 18, 2): tig = 0; (Conl, 2, 1): 
t2 = -1; (Con2, 2, 2): ^35 = 0; (Con2, 5, 2): tm = 0; (Con2, 1, 19): U7 = 1; {Con2, 6, 2): tgs = 0; 
(Con2,7, 15): U3 = 0; (Con2, 17,2): t^^ = 0; (Con2, 19, 18): U2 = ^29; (Con2,7,8): = 1; 
(Conl, 3, 3): ^35 = 0; (Conl, 3, 4): tgy = 0; (Conl, 4, 3): ^48 = 2^46; (Con2, 1,8): U9 = -1; 
(Con2,4,5): ^52 = 0; (Con2,9,2): hs = ^le; (Con2,9,5): ^64 = 0; (Con2,15,4): t29 = 0; 
(Con2,20,3): t25 = 0; (Conl, 10, 3): tgi = 0; (Conl, 10, 7): tgg = 0; (Con2,l,ll): t39 = 0; 
(Con2,4,8): Ue = 0; (Con2, 16, 2) = t2^; (Con2,7,2): t26 = -1; (Conl, 4, 9): t4i = 0; 
(Conl, 9, 12): tgs = 0; (Con2,4,9): ^40 = 0; (Conl, 13,8): U4 = 0; (Con3, 17,2): U5 = 0; 
(Con3,2,19): U2 = 0; (Con3,5,19): us = 0; (Con3,6,19): uu = 0; (Con3,5,5): ^32 = 0; 
(Con3,5,6): tie = 0; (Con3,21,2): = 0; (Con3,l,l): Uie = 0; (Con2, 14,2): he = -hi, 
{Con2, 14, 19) and (Con2, 14, 21): h^ = hi = 0; (Con3, 19, 19): uj = -uq; {ConA, 5, 5): ^62 = 1; 
(Con4,5,10): tgs = 0; (Con4,6,21): hj = 0; (Con4,9,20): tge = 0; (Con4, 21, 13): U = 0; 
(Con4,2, 13): ^57 = 0; (Con4,6, 18): tgg = 0; (Con4,4,5): ho = 0; (Con4,6,6): hi = 1; 
(Con4,6,5): ^70 = 0; (Con4,17,5): ha = 0; (Con4, 11, 10): ^72 = 0; (Con4,ll,5): ^73 = -1; 
(Con4,3,5): hs = 0; (Con4,3.6): hi = 0; (Con3,9,3): 77,42 = 0; (Con3. 16,3): u-^o = 0; 
(Con3, 12,3): u^s = 0; (Con3, 11,4): M41 = 0; (Con3, 10,4): U43 = 0; (Con3,4,7): M31 = 0; 
(Con3, 3, 8): M23 = 0; (Con3, 9, 12): M45 = 0; (Con3, 8, 13): u^s = 0; (Con3, 9, 3): Ui = U20+U21] 
(Con3, 14,4): 1^25 = 0; (Con3,4,4): 1^34 = 0; (Con3,4, 11): U36 = 0; (Con3,7,7): 1*24 = 0; 
(Con3,l,20): Ue = 0; (Con5,2,8): U29 = 0; (Con5,9,5): = 0; (Con5,5,4): 1447 = 0; 
(Con5, 3, 6): 'U27 = 0; (Con5, 9, 20): M15 = 0; (Con5, 13, 20): U20 = 0; (Con5, 13, 19): M32 = ^21; 
(Con6,8,8): U21 = 1; (Con6, 17, 20): U3 = 0; (Con6,5,20): Ug = 1; (Con6, 12,9): M28 = 0; 
(Con6,6, 6): uu = 1; (Con6,2,6): M4 = 0; (Con6, 3,3): U22 = 1; (Con6, 10, 14): M44 = 1; 
(Con5,5, 14): ^40 = Uu, (Con5, 13,9): U26 = 0; (Con6,5,6): ?iii = — 2-Uio; (Con6,12,3): 
= 0; (Con7,13,14): = -1; (Con7,17,5): 1^37 = 0; (Con7,5,7): 1*33 = 0; (Con7,5,14): 
M39 = -1; (Con7, 2, 16): M35 = -1. 

Therefore xi — Xai{l) and ^3 = Xa3{l)- Since all long (and all short) roots are conjugate 
under the action of the Weil group, we have ip2{xa{l)) — Xa{'i-) for all a e 

Now let us consider ht = (^2(^01 (t))- Since ht commutes with hi, /i2, ^3, Wg, ^^.^(l), Xa^il), 
and also wihtWi^ht = E, W2htW2^ = w\W2htW2^Wi^ht, we directly have ht — ha.^{s) for some 
s & R*. Similarly, ip2{ha3{t)) = ha3{s). 

4.2. The case B4. In this case we have 32 roots 

±ei, ±62, ±63, ±64, ±ei ±ej, 1 < j ^ 4, 

the adjoint representation is 36-dimensional. Similarly to the previous case we consider xi — 
f2{xai{^)) and X4 = (f2{xa4,{l))- Accordiug to commuting with the elements hi and h^ the 
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matrix Xi is separated into the blocks 

{^61—62) ^e2—en ^ei+e2) ^— ei— 62) ^63—64) ^64—63) ^63+64; ^—63—64) ^) ^j'; 

{'^61—63 ) '^63 — 61 ) '^61+63 ) '^—61—63) '^61—64) ^64 — 61 ) '^61+64) ^—61—64) 

^62—63) '^^63— 62) '^62+63) 62— 63) '^^62— 64) '^^64— 62) '^62+64) 62— 64}) 
{^61 ) ^ — 61 ) ^62 ) ^—62 } ) 
{^63) '^ — 63) '^^64) 64}) 

according to commuting with hi and /i2 the matrix 0:4 is separated into the blocks 

{^^64,'t^-64,^l,^2,^3,^4}, 

{^61—62) ^62 — 61) ^61+62) ^—61—62) ^63) ^—63) ^63 — 64) ^64 — 63) ^63+64) ^ — 63—64}) 
{^61 ) ^ — 61 ) ^61—64) ^64 — 61 ) ^61+64 ) ^—61—64) ^62 — 63 ) ^63—62 ) ^62+63 ) ^ — 62—63}') 
{^62 ) ^ — 62 ) ^62—64) ^64 — 62) ^62+64 ) ^—62 — 64) ^61—63 ) ^63—61 ) ^61+63 ) ^ — 61— 63}- 



At the beginning we consider the matrix xi on the block {Vf.^,v. 



63 ) "^64 ) 



64 



}, its inverse 



image on this block is just identical. We know that x-i commutes with w^^, w^^, w^^^^a- It gives 
us the following form of the matrix on the block under consideration: 





02 


as 


-as^ 




Oi 


-03 


03 


-03 






02 


\ 03 




02 


Oi ) 



Besides, since h2Xih2Xi — E, we have the equations + a| + = 1 and 2aia2 — = 0. 
Their sum is (oi + 02)^ = 1, therefore (since oi + 02 = 1 mod J) we have Oi + 02 = 1, i.e., 

oi = 1 — a2. 

Now consider our matrix on the block {^61,^-61, ^62) ■^^-62}- Its inverse image on this block is 



fl 





-1 


o\ 





1 














1 







1 





V 



Since it commutes with Wei+e2 we have the form 

/ 61 62 63 

Ci C2 C3 C4 

-C4 -C3 C2 Ci 

y-64 -&3 &2 

Now unite these bases together, we can note that for all w^, a e and all is a long 

root, this basis part is an invariant direct summand. In the matrix under consideration there 
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are 11 variables. Consider on this basis part the matrix (/32 (2:61-63(1)) = '"^e2-e3^i'ii'^-63- It is 





&2 








-63 


-h 







Cl 


C2 








-C3 


-C4 














1-02 


02 








03 


-03 








02 


1 - 02 








-03 


03 


C4 


C3 








C2 


Cl 










^3 










&i 














-03 


03 








1 - 02 


02 


\o 





03 


-03 








02 


1 - 02/ 



We know that the matrices </?2 (2^61-63(1)) ^-nd Xi commute, therefore (the position (1,8)) it 
follows 203(63 — 64) = 0. Since 63 — 64 = 1 mod J, we have 03 = 0. From the equations 
listed above we have 202(02 — 1) = 0, therefore (since 02 G J) 02 = 0. Now use the condition 

62-63(1) — ^ei-e3(l)2:e2-e3(l)2:ei-e2(l)- The positiou (6,5) givCS US 62(1 C2), SO 

62 = 0. After it the position (6,6) gives 61(61 — 1) = 0, therefore hi — 1. Prom the position 
(5,5) we have C2 = 1, and from the position (5,6) we have ci = 0. From the same condition 
64 = — C3, C4 = —64/63. Therefore the matrix under consideration on the given basis part is 



/ 1 





&3 


-C3 
















1 


C3 


-ci/63 
















-C3 


1 

















C3 


-63 





1 


























1 


























1 


























1 





V 




















l) 



Now take another basis part: 



,^61—62 ) ^62—61 ) ^ei+e2 ) ^ — 61—62 ) ^63—64) ^64—63 ) ^63+64 ) ^—63—64 ) ^63 ) ^—63 ) ^64 ) ^—64) ^ 
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The matrix xi commutes with Wej^^g^i '^ba, '"^63-64) therefore we directly have that on the 
unknown 12 x 12 basis part the matrix is 



' Ol.l 


bi,2 


^1,3 


~6l,3 


Ol,5 


"1,5 


Ol,5 


Ol,5 




62,2 


^2,3 


62,3 


^2,5 


^2,5 


^2,5 


~^2,5 


b-i 1 
^0,1 


b-i 9 


b-i -i 


bs 4 


?>*^ ^ 
^0,0 


— b'\ ^ 
'-'0,0 


b^ ^ 


— 6"^ \ 


-&3,1 


-&3,2 


bsA 


63,3 


-63,5 


&3,5 


-&3,5 


&3,5 


b5,l 


65,2 


b5,3 


-&5,3 


i>5,5 


&5,6 


i>5,7 


-i>5,7 


-&5,1 


-b5,2 


-b5,3 


65,3 


'>5,6 


&5,5 


-&5,7 


&5,7 


&5,1 


b5,2 


65,3 


-&5,3 


^5,7 


-''5,7 


^5,5 


&5,6 


-^5,1 


-65,2 


-&5,3 


''5,3 


-^5,7 


&5,7 


^5,6 


&5,5 


^13,1 


^13, 2 


^'13,3 


^15, 3 — ^13,3 


&13,5 


-^'13,5 


^'13,5 


-&13,5 








^15,3 


&15,3 




















bl5,3 


^15,3 


^15,5 


^15,5 


bih,b 


fcl5,5 


V 





615,3 


^15,3 








26l5,5 


2^*15,5 



-26i,i4 


61,14 










-262,14 


62,14 










64,14 — 63,14 


63,14 










63,14 — 64,14 


64,14 










2(68,14 - 66,16) 


266,16 — 68,14 


— 266,16 


66,16 




2(-68,14 + 66,16) 


68,14 


— 266,16 


66,16 




2(68,14 - 66,16) 


266,16 — 68,14 





— 66,16 




2(-68,14 + 66,16) 


68,14 





— 66,16 




614, 14 — 261344 


613,14 













614, 14 













68,14 


6l4,14 — 68,14 










68,14 





614, 14 — 68, 


14/ 



Since commutes with We^-e^i '^ei+e2-> "^es, we have that on the basis part 



it is 





-62 ) '^62- 


-en '^ei+e2-i ei 


-62) '^63- 


-64) '^^64- 


-est f 63+64 


, V-ea- 


-64 ) '^^63 ) 






ai,2 


ai,3 


-ai,3 


ai,5 


ai,6 


-0-1,6 


-Ol,5 


Ol,9 


-ai,9\ 


ai,2 


ai,i 


-ai,3 


ai,3 


-Ol,5 


— Olfi 


Ol,6 


Ol,5 


—Ol,9 


Cli 9 


03,1 


-0-3,1 


03,3 


03,A 


03,5 


03,6 


— 03,6 


-03,5 


03,9 


— Ct3,9 


-03,1 


03,1 


03,4 


03,3 


-03,5 


—03,6 


03,6 


03,5 


—03,9 


03,9 


05,1 


-05,1 


05,3 


-05,3 


05,5 


05,6 


05,7 


05,8 


05,9 


^5,10 


0-6,1 


— c^e,! 


'^6,3 


— '^6,3 


06,5 


06,6 


06,7 


06,S 


06,9 


06,10 




0-6,1 




'^6,3 


06,8 


06,7 


06,6 


06,5 


06,10 


06,9 


-^5,1 


05,1 


-05,3 


05,3 


05,8 


05,7 


05,6 


05,5 


05,10 


05,9 


09,1 


-0-9,1 


09,3 


-09,3 


09,5 


09,6 


09,7 


09,8 


09,9 


09,10 


\-a9,i 


09,1 


-09,3 


09,3 


09,8 


09,7 


09,% 


09,5 


09,10 


09,9 J 
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and on the basis part {ve^,v_e^, Vi, V2, V3, V4} (according to he3-e4,{—^)x4he^_e^{—l)x4 = E) it 
is 

^au,u Oil, 12 Oil, 15 —Oil, 

ai2,ll C12.12 ai2,15 —012,15 

1 
1 
1 

\Ol6,ll Ol6,12 1 — ai6,16 Ol6,16 / 

Similarly to the previous section with some block-diagonal basis change we can make ai6,ii = 

0, ai6,i2 = — 1- 

From the position (15, 14) of 

Conl = (/le3-e4(-l).«4/ie3-e4(-l)a;4 = E) 

it follows 016,14(016,14 + 2) = 0, so Oi6,i4 = 0. Similarly, from the position (13, 14) we have 
Oi3,i4 = 0, from the position (16, 12) ai6,i6 = 012,12, from (16, 11) ai2,ii = 0, from (11, 11) 
011,11 = 1; from (16, 16) 012,15 = -1 + 0^2,12 from (11, 12) 011,15 = 011,12(1 + 012,12)- 

Since Xi and commute, we have: from the position (16, 12) 614,14 = 1 + ^8,14; from (10, 16) 
^6,16(09,8 + 09,7 - 09,6 - 09,5) 66,16 = 0; from (16, 9) 615,5(06,10 + 05,10) = ^ 615,5 = 0. 

Now by block-diagonal basis changes, that are not identical on long roots, we can get 613,1 = 0, 
613,2 = -1- 

After it we consider the positions (1, 14) and (2, 14) of the commutation condition, their sum 
is (ai,i -|- ai,2 — 1) (61,14 + 62,14) = 0. Since 61,14 + 62,14 is invertible, we have ai,2 = 1 — Oi,i. 

Now similarly to the previous section, we will write the conditions modulo radical, sequen- 
tially excepting variables. 

Prom the commutation condition: the position (13, 1) gives ai,i = 1; (13,3) gives 01,3 = 1; 
(13,5) gives ai,5 = 1; (13,6) gives ai,6 = 1. From Conl: the position (2,5) gives 01,9 = 0; 
again the commutation condition: the position (2, 9) gives 61,5 = 0; (3, 9) gives 63,5 = 0; (5, 9) 
gives 65,6 = 0; gives (6, 9) gives 65,7 = 0; gives (3, 14) gives 03,1 = 0; (5, 14) gives 05,1 = 0; 
(6, 14) gives a6,i = 0; (9, 14) gives 09,1 = 63,14; (13, 10) gives 613,5 — 0; Conl: the position 
(3,3) gives 03,3 = 1; (3,5) gives 03,5 = 03,9; (3,6) gives 03,6 = 0; (10,9) gives 09,10 = -09,6; the 
condition Con2 = (/ie2-e3(— I)a^i^e2-e3(— l)a;i = E): the position (13,6) gives 62.5 = 0; (5,5) 
gives 65,5 = 1; (1,2) gives 61,2 = 61,14; (15, 14) gives 63,14 = 0; (8, 14) gives 65,1 = 0; (4, 14) gives 
63,1 = 0; (2, 1) gives 62,1 = 0; (1, 1) gives 61,1 = 1; (1, 2) gives 62,2 = 1- 

Now introduce a new condition. Note that [^£3(1), ^£4(1)] = Xe3+e4(l)^, and the elements 
Xe3+e4(l)^ and Xe^-e2iX)'^ arc conjugate with the element of the Weil group. Therefore the matri- 
ces x\ and [x4^,Wf..^^f.^X4W~^_^^ are conjugate with the clement of the Weil group. In particular, 
this element changes roots {61,-61,62,-62} and {-63,63,-64,64}, consequently the matrix 
[x4, w;e3 -642^4^^5^-64] is block-diagonal up to decomposition on the basis part {—63,63, —64,64} 
and other parts. 

Therefore directly ag e = 0, 09.9 = 1, 09,3 = 05.9, 0,5,10 = 0, 05,9 = 0; 05,6 = 0. 
Again from Conl we have 05,6 = 1, 09,7 = 0, 05,7 = 0, 05,7 = 0, 05,8 = 0, 05,3 = 0, 05,5 = 1, 
03,9 = 0, 03,4 = 0. 

Prom the commutation condition 65,2 = 0, 65,3 = 0. Prom Con2 62,14 = 0, 63,4 = 0, 62,3 = 0, 
63,3 = 1, 613,14 = 0, 63,14 = 263,2 + 64,14, 61,3 = -26i3,3 + 2615,3. 
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Again from the block-diagonal matrix [x^, u]e3-e4,X4,w^,^_^^] we get ae.s = 0, 05,9 = 0, 012,12 = 1, 
^6,3 — 0, 09,3 = 0, a6,8 = 011,12, Oil, 12 = 06,10^9,5/2, 63,2 = 0, 613,3 = 0, 615,3 = 0, 64,14 = 0. 
Prom other equations 05,10 = —2/09,5, ^9,5 — —2, 01,14 = 2. 

Therefore, ip2{xa4{l)) — 3^04(1) and (p2{xai{l)) = on the basis parts under considera- 

tion. But for Xa^il) other basis parts (not considered yet) 

■{^ei, ^— ei , ^ei— 64, ^64— ei, ^ei+e4, ^— ei— 64, ^62—63, ^63—62, ^62+63, ^—62—63}' 

and 

{'Ue2! '^-62, ''^62-64, ''^64—62, '^62+64, 62— 64, '^61—63, '^63—61, '^61+63, '^—61—63} 

are conjugate to the basis part 

■{^61—62, ^62—61, ^61+62, ^ — 61—62, ^63, ^—63, ^63—64, ^64 — 63, ^63+64, ^ — 63 — 64}' 

with elements of Weil group and Waj^Wa2- Thus x^ coincides with 0:0,4(1) on the whole 
36-dimensional space. Clear that it follows directly (^2(2^0(1)) = for all short roots a € $. 

Besides, 992 (xq, (2)) = 2:0(2) for all long roots a. 

Consequently, if we show, that under (p2 the diagonal matrix /ie2_e3(2) is mapped to itself, 
the obtained statement will be proved. Consider dt = ip2{hai{t))- 

Since dt commutes with /ii , /12 , /^-s , that it is decomposed into diagonal blocks, correspond- 
ing to the basis parts {Ue^, V_eJ, i = 1, . . . ,4, {Vi, V2, V3, and {Ve,-e,., Ve^-ei, ^^e^+e,, V-Ci-e,-, 

Vej,-ei, t^ei-efc, i^efc+ej, 'f^-efc-eil, where i,j,k,l are distinct numbers from 1 to 4. Since dt com- 
mutes also with We4, ^63-64, We^+cij then it has the same form on the basis parts {ve^jV^ei} and 

{^—£2, "^62}, {^63,"^— 63} {"^64, "^—64}, {"^ei— 63 , "^63— ei , "^61+63 , 'i^— ei— 63 , ''^62— 64 , ''^64— 62 , "^62+64 , 62— £4 } 

and {^61-64, 1^64-61, '^^61+64, '^-61-64, '^62-63, '^63-62, '^62+63, '^-62-63}- AlsO If OU thc part {^£4 , 1'-e4 } 

the matrix dt has the form 

^di d2 
^ds d4^ 

then since it commutes with We^, we directly have ^4 = di, d^ = 0^2 • From the condition 
WajltW^ldt = E we get 2did2 = and d'l + dl = 1, therefore di = 1, d2 — 0, on the given basis 
part we get the obtained form. 

Besides we note that dt commutes with a;ei+e2(2), Xe^il), Xe^-eti^), what is the same, 

with Xej+e2, -^64, ^63-64- 

Considering the basis part {vei, V-ei, ^62, '^^-62}, we see that from commutation with Wei+e2 
on it the matrix dt is 

/o?i,i d,,2 \ 

d2,l d2,2 
d2,2 d2,l 

V (ii,2 di^ij 

commutation with Xe^+ej, which is e^,^^ — e^^^-^'-e '-"^ ^'^^^ basis part, gives (ii,2 = (^2,1 = 0, 
and, finally, the condition WaidtW^^dt = E gives ^1,1^2,2 = 1- 

Now come to the basis part {Vi, T^, V3, V4}. From commuting with We^, We.^-e4, Wei+e2 and 
from the condition Waj^dtW~^dt = E we easily get that on this part dt is identical. 

Now we only need to consider the 8x8 basis parts. At first, consider the part 

{ye\—e21 '^62—61, '^^61+62, '^ — 61—62, '^63—64, '^^64 — 63 , '^^63+64, '^^— 63— 64}- 
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We temporarily unite it with the previous basis part and get a 12 x 12 matrix with an identical 
4x4 last block. 

Since dt on this basis part commutes with Xei+e2 — 2e^^^^^^^t,^^ — e^^^ c X_ej_e2 = 

'^^v^ej-e2,Vh2 ~ ^»'h2.»'ei+e2' dlrectlj have that the matrix is decomposed into diagonal blocks 

up to the basis parts {y^^^^^.^ f^e2-en f^es-SAi '^eA—es^ f^e3+e4i '^-63-64} '^ei+e2) '^-ei-e^i On the last 

part it is identical. 

Similarly, since dt commutes with Xe^^-e^ = 2e„,3_,^,^,^^ - e^,^.,^,^^^ - e^,^.,^,,,^^ - e^^^,^,^.,^ 
and with Xe^-e^ = 2e^^^_^3,„^^ - e^^^.^^,^^^ - e^^^.^^,^^^ - e^^^,^^^.^^, we have that the matrix is 
decomposed also into diagonal blocks up to the basis parts {vei-e2T''^e2-ei, '^ez+ai'^-ez-ei} a-^d 
^63-64, '^^64-63! on the last part it is identical. 

Now use the fact that our matrix commutes with Wg^, which changes pairs of roots 63 — 64 
and 63 + 64, 64 — 63 and —63 — 64. We get that dt is identical everywhere except the block 
{vei-e2,i^e2-ei}- This block we do not study yet, and come to the last not considered yet basis 
parts 

{f^ei—esi Veg—en '^ei+esi V—ei—esi '^e2—e4i ^^64—62) '^62+64; 62— 64} 

and 

{^61-64) 'Vet-ei 5 *-'ei+e4J ^-ei-e4J ^e2-e3> ^'e3-e2J ^'e-^+es? '-'-62-03}- 

At first dt commutes with Xe^+ej, X_e-,-e2, ^e3+e4, ^-e3-e4, ^63-64, ^64-63- Directly from it 
we have that dt is diagonal and has the form 

diag [di, d2, di, d2, d2, di, d2, di, di, d2, di, d2, d2, di, d2, di\. 

Since Wei-e2dtw7j^-e2d't = E, we have did2 = 1. 

Now temporarily consider only the basis part {vei-e2i Ve2-ei, ^62-63, '^^63-62) ^61-63; ^e3-ei }. We 
have the condition We2-e3dtW~^_e^ — dtWei_e2'^e2-e3dtW~^_f,^w~^_f,^. It implies that on the block 
{i'ei_e2) '^62-61} the matrix dt is diagonal with numbers d\^ ^/df on the diagonal. 

Then use the commutation with X^^^ and get di^i = di. Therefore dt = /iai(c?i)- 

Note that if t = 2, then we also have 

d2Xe2il)d2^ = Xe2{lf, 

SO d2 = haii^). It shows that Xi = Xai{l)- 
The obtained statement is proved. 

4.3. The case Bi, / ^ 5. In this case we consider x = (p2(xej^_e.^{l)) and y = (p2{xe.^{l)). 

The matrix x commutes with hai{—l), ha3{—l),hai{—l),---,hai_j^{—l), therefore it is de- 
composed into diagonal blocks corresponding to the following basis parts: 

1- ei— 62 ) ^62— ei ) ^61+62 ) ^ — 61—62 ) ^fll T ■ ■ ■ 1 ^hl} 1 

2. {Vei-ej:Ve^-ei,Vei+e,,V^e,-e,}, 2 < i < j ^ l] 

3. {f ej^—e; ! "^Ci- ei ) "^ei+Ci ) ei— Cj ) '^62— ej ) '^Cj— 62 ) ^62+6^ ) 62— ej}) 2 < i ^ 

4. {Ve„V-ei,Ve2,V-e2}; 

5. {Vei,V-ei}, 2<i^l. 

If on the basis part of the last type the matrix x has the form 

fa b\ 
[c d)^ 
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then from the condition ha2{—^)xha2 



—l)x = E we have c(a + d) = b{a + d) 
(since a-\- d = 2 mod J) we get h — c — Q. Then a?' — d"^ — 1, therefore a ■ 
all basis parts of the fifth type x is identical. 
Now consider the basis part of the fourth type. 

According to commutation with We^+e2 we directly have that on this basis part x is 

/ Xi X2 X3 X4\ 

X5 X6 X7 Xs 

~Xg — x^ 

\-Xi -X3 X2 XiJ 



-- 0, consequently 
d — 1. Thus, on 



Let us unite this basis part with {v, 
this basis part we consider the condition 



63 ) "^-es 



}, where x is identical, as we already know. On 



X'^ei -62 '^62-63 ^'^62 -63 ^61 -62 



■^62-63 3^'J^e2 -63 ^61 -62 '^62-63 XW^^_g^ W^^ -62 



From its position (6, 5) it follows 2:2(1 — Xi — Xq) = 0. Since 1 — Xi — Xq = —1 mod J, then 
X2 — 0. Similarly from the position (5, 6) we have X5 = 0. After that from the positions (5, 5) 
and (6, 6) Xi = Xq = 1. Prom (1, 4) x^lx^ + x^) — 0, and since X3 = —1 mod J, then X7 — —x^. 
From (6,2) and (5, 1) we get x^ = x^ + x'^ and x^ ~ Xs + x^, therefore {x^ — Xs){l + X3 + Xs) — 0. 
Since — Xq = —1 mod J, then .Tg = — 1 — x^. 

Therefore now we have that on the basis part of the fourth type x is 



/ 1 

1 

1 + X3 X4 

\ -X4 -X3 



—X4 
1 




X4 \ 

-1 - X3 



1 / 



Since elements of the Weil group which do not move ai, act transitively on the roots of the 
same length, orthogonal to cti, we have that on all basis parts of the second type and on all 
basis parts of the third type x has the same form. 

Consider any basis part of the second type (for example, {^63-64, 1^64-63, 
^63+64,^^-63-64})- Since x commutes with We^, We^, We^-a 



(in the general case with Wg^, We 



■ ), it follows that x has the form 





X5 


Xq 


X-j 


— XyX 




xe 


X5 


-xr 


Xj 




Xi 


—X-j 




xe 


v 


-Xy 


Xj 


Xq 


X5 ) 



Using the condition /?.e2-e3 (~ 1)^^^62-63 (—l)^^ = E wc get (on the place (1, 3)) 2xj{x^—Xq) = 0, 
therefore, since — xq = 1 mod J, we have X7 = 0. After that from the position (1,2) it 
follows 2x5X6 = 0, so xe = 0, and then directly x^ = 0. Consequently we also know that on the 
basis parts of the second type x is identical. 

Let us come to the basis part of the third type (similarly, we can take i — 3). 



21 



According to commutation with We^^+a '^ei we have that x on this basis part has the 
form 



/ rr 


^6 


X7 


Xg 


Xg 


3^10 


Xn 


Xl2\ 


X12, 


Xu 


Xl5 


xm 


Xi7 


a:i8 


3^19 


X20 


xr 


Xs 


X5 


xe 


Xn 


3^12 


Xg 


XlQ 




X16 


Xl3 


Xl4 


2^19 


2^20 


Xi7 


XI8 




-Xl7 


-X20 


-Xl9 


Xi4 


2^13 


2^16 


Xl-, 


-Xio 


-Xg 


-X12 


-Xu 


X6 


X5 


2^8 


X7 


-X20 


-Xl9 


-Xi8 


-xn 


X16 




Xi4 


3^13 




-Xu 


-xw 


-Xg 


3^8 


X7 


xe 


x^j 



Now consider the last basis part {uej-ea, '*^e2-ei) '*^ei+e2) ''^-ei-e2) • • • ) ^/id- According to 

commutation with w^g, w^i the matrix x is identical on the basis part {V/^g, . . . , V/i,}. 
Therefore, we can consider in the given case the 6x6 matrix. 

Commuting with tyei+e2 gives us the following form: 



/ X21 


a:;22 


2^23 


-X23 


-2X24 


3:^24 \ 


X25 


3^26 


X27 


-X27 


-2X28 


3^28 


X29 


2^30 


X3I 


X32 


2^33 


a;34 


-X29 


-X30 


X32 


X3I 


-3:^33 


3^33 + 3^34 


X35 


•^'36 


X37 


X38 


2^39 


X40 


\ 





X37 + X38 


X37 + X38 





2X40 + 2^39/ 



Therefore for the matrix x we now have 40 variables xi, . . . , x^q. 

Now consider the matrix y. It commutes with 1), /ia2(— l)^a3(— 1), ha4^{—l), /iag(— 1), 

. . . , 1) and is decomposed to the following blocks: 

1. {Ve,,V-es,Vh„...,Vhi}; 

2- {'i^es-ej) '^ej-es) '^ea+ej) 'J^-ea-Ci! ^'ci! ^-"-Ci}) 7^ 3, 

3. {Ve^^e,,Ve^-e,,Ve^+e,,V-e,-e,}, 1 ^ « < j ^ /; i,j ^ 3. 

On the basis parts of the third type y is identical (it is proved just by the same way as for the 
matrix x; we use here commutation with We , Wg., We -e- and the condition /ie2-e3(~l)2/^e2-e3(~l)2/ — 
E). 

Clear that on all basis parts of the second type the matrix y have the same form (since the 
elements of the Weil, which do not move 63, act transitively on the roots Cj, i 7^ 3). 
According to commutation with Wf.^ the matrix y on the given basis part has the form 



/ yi 


1/2 


2/3 


2/4 


2/5 


2/6 \ 


2/7 


2/8 


2/9 


2/10 


2/11 


2/12 


y3 


Vi 


Vi 


2/2 


-2/6 


-2/5 


yg 


Vio 


2/7 


2/8 


-2/12 


-2/11 


2/13 


2/14 


2/15 


2/16 


2/17 


2/18 


\-2/l5 


-yi6 


-2/13 


-2/14 


2/18 


2/17 / 



On the basis part of the first type, according to commutation with all Wq,^., which do not 
move 63, on the basis elements 14^, Vh^, . . . , V/j^ the matrix y is identical. On the basis part 
{ve3,v_e3:Vh2:Vh3:VhJ we use additionally /ie2-e3(-l)y^e2-e3(-l)y = E, ywe^yvj-^y = We4, 
and also, as in the previous sections, make basis changes so that on the places {Vh^^Ve^ and 
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{Vh^,Ves) there are zeros, and on the places {Vh^jVsg), {Vh^,Vs^) there are —1. Then we have 
the following y: 

(\ yig yig - yfg yjg - yig 0\ 

-yi9 yfg-i i-y?9 

1 0. 

-1 1+2/19 -yi9 
\0 -1 l+yi9 -1-1/19 1/ 
Consequently for the matrix y we have 19 variables yi, . . . ,yiQ. 

With one more basis change from the previous section let us make X35 = 0, x^q — —1. 
Now use the fact that x and y commute. At first, consider the basis part 

{ye\—e2i f^e2— ei) '^^61+62; '^—e\—e2i '^e^i f^—esi ^2) ^4}- 

The matrix y on it has only one unknown variable yig = — 1 mod J. According to the given 

condition 0:37 + x^s = and 0:39 + 2x^0 — 1. 

Consider now the basis part Uei-ea, t'ea-ei, t'ei+ea, ^-ei-ea, ^'ei, ^'-ei, I'ez, ^'-ea, ^fti, ^^2- Since the 
matrix (1) is conjugate to Xe^ (1) with the help of the Weil group element, we easily can take 
(p2{xe-^ (1)) = y'- The matrix y' has the same variables as y. The matrices x and y' also commute. 
Consider this condition on the basis part under consideration. 

The matrix x is 



/ 2:21 


3^22 


2^23 




-3:^23 














-2X24 




3^24 \ 


2^25 


2^26 


3^27 




-3:^27 














-2X28 






2^292^30 


2^31 


2^32 
















2^33 


2:34 






-3:^29 


-2^30 


3:^32 




2^31 














-2^33 


2^33 + 2:34 
















1 





,T3 


X,i 



























1 


—X4 


1 - 
























1 + X3 


Xi 


1 



























—X4 







1 













-1 


3^37 - 3:37 














1 — 2X40 


X40 






V 
































/' is 


























/ yi 


y2 


ys 


y4 








ys 


ye 











y7 


ys 


y9 


yio 








yu 


yi2 












ys 


yi 


yi 


y-i 








-ye 


-2/5 












y9 


yio 


yi 


ys 








-yi2 


-yii 
























1 


yi9 





yig 


-yi9 





















- 


-yi9 





yfg - 1 









yi3 


yu 




yw 








yi7 


2/18 












-yi5 


-yi6 


-1/13 


-yi4 








2/18 


2/17 



























-1 





1 + yi9 


-yi9 









\ 


























V 





The position (5, 10) of commutation gives X4o(2/i9 — 2/19) = 0, therefore X40 = 0. The position 
(9, 6) gives X3(l+yi9) = 0, so yig — —1. If we consider the condition /ie2-e3(— 1) 2^^62-63 (—1) 2^ = 
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E, we directly get X4 = 0, X3 = 1. Now from the commutation condition (the fifth fine) 1/13 = 0, 
yi4 = -2, 1/15 = 2x37, 2/16 = -2x37, 1/17 = 1, 1/18 = 0, (the sixth row) ye = -2x2i, 2/12 = -2x28, 
ys = —2^33, 2/11 = 2^33. Prom the seventh fine of the condition he2-e3{~^)^he^-e3{~^)x — E 
we have: 0:25 = 2a;37a;29, 0:26 = 1 + 2a;37a;3o, 0:27 = a;37(-l + - X32), X2s = -xzzx^i, 
X29{-X2i - 22:303:37 + X32 - X31) = 0, so X29 = 0, then X21 = 1. 
From the position (2, 10) of 

Comm : (2/Vi-e22/V';-e2 = We2X^W-^We^-e2y'w~^-e2y') 

we have 0:34 = 0:33, and from the position (2, 9) 0:33 (—1 — 4a;37a;3o — 20:31 + 2x32) = 0, therefore 
2^33 = 0. 

Again from the commutation condition ^9X24 = a:;323:24 = ^37X24 — 0, so yg — X32 = X37 = 0, 
then X31 = 1, y7 = yw = 2/3 = 2:23 = 2:30 = 0, yi = ys = 1. From /ie2_e3(-l)a:/ie2_e3(-l)a: = E 
we have 2:24 = X22, and from /;,ei-e2(~l)2/'^ei-e2(~l)2/' = E we have y2 = 0, y^ — —2x22- 
FinaUy, from Comm we see that 0:22 = — 1, and we have now variables. 

Now the matrix y' is equal to Xei(l) on the basis part under consideration, consequently, on 
the whole basis. Respectively, the matrix y is a:e3(l). 

Now we need only to find x on the basis parts of the third part. It is easily obtained from 
the commutation condition and the form of x"^, which is already known. 

Similarly to the previous sections we can see that (p2{ha{t)) = ha{s) for every t & R* and 
a e 

5. Images of .rQ-(t), proof of Theorem 2. 

We have shown that <^2(^a(^)) = ha{s), a G t G R*. Denote the mapping t 1— >• 
s hy p : R* ^ R*. Note that for t e R* (f2{xei{t)) = 932(^-62 (^~^)a^ei(l)/iei-e2(^)) = 
/iei-e2(s~^)3^ei (1)^61-62 (s) — Xei{s). If t ^ R* , then t e J, i.e., t — l + h, where ti G R*. 
Then ^2{xei{t)) = ^2{xei{'^)xei{ti)) = Xe^{l)xe^{p{ti)) = Xe-,{1 + p{ti)). Thcrcfore if we ex- 
tend the mapping p to the whole R (by the formula p{t) := 1 + p{t — 1), t G i?), we obtain 
^2{xej^{t)) = Xe^{p{t)) for all t G R. Then (since all short roots are conjugate under the action 
of the Weil group) ip2{xa{t)) — Xa{p{t)) for all short roots a. According to the commutation 
condition 

Xei±e,{2t) = [a:e,(i),X±e,(l)] 

we get (p2{xa{t)) = Xa{p{t)) for all long roots a. 

Clear that p is injective, additive, and also multiplicative on all invertible elements. Since 
every element of i? is a sum of two invertible elements, we have that p is an isomorphism from 
the ring R onto some its subring R'. Note that in this situation CE{^, R)C~^ — E{^, R') for 
some matrix C G GL {V). Let us show that R! — R. 

Denote matrix units by Eij. 

Lemma 5. The elementary Chevalley group Es,^{^,R) generates the matrix ring Mn{R). 

Proof. The martix (x^j (1) — 1)^ has a unique nonzero element — 2-£'i2. Multiplying it to suitable 
diagonal matrices, we can obtain an arbitrary matrix of the form A • £^12 (since —2 G R* and 
R* generates R). Since the Weil group acts transitively on all roots of the same length, i.e., for 
every long root ccfe there exists such w G W, that w{ai) — ak, and then the matrix A£'i2 • w has 
the form XEi^2k, and the matrix w'^ ■ XE12 has the form XE2k~i,2- Besides, with the help of the 
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Weil group element, moving the first root to the opposite one, we can get the matrix unit £^2,1- 
Taking now different combinations of the obtained elements, we can get an arbitrary element 
XEij, 1 ^ 2m, indices i,j correspond to the numbers of long roots. 

The matrix {xei{l) - 1)^ is 

All matrix units in this sum, except the first one, are already obtained, therefore wc can subtract 
them and get E^^,^^_^^. Similarly to the longs roots, using the fact that all short roots are also 
conjugate under the action of the Weil groups, we obtain all AE'^j, 1 ^ i, j ^ 2m, indices i, j 
correspond to the short roots. 

Now subtract from the matrix Xo,^(l) — 1 suitable matrix units and obtain the matrix 
^Vh^,v-c.^ - 2£^t)„i,V'fe^ + -E^t)«i,Vh2- Multiplying it (from the right side) to E^_^^^i, I ^ i ^ 2m, 
where i corresponds to a long root, wc obtain all Ev^^,i, 1 ^ i ^ 2m for i corresponding to 
the long roots. Multiplying these last elements from the left side to w^j, we obtain Evf^^,i, 
1 ^ i ^ 2m for i, corresponding to the long roots; then, similarly multiplying the obtained 
elements from the left side to Wa^, ■ ■ ■ ,Wai, we get all Ey^.^i, l^j^l, l^i^ 2m for i, 
corresponding to the long roots. 

Then 

A = l/2\h^,{-l) + E)... (h^^i-l) +E)^ Ev.^y,^ +■■■ + Ey^^y^^, 
B = A{Wai - ^){tJ^a2 - A)... {Wai_, - A){Wai " ^){Wai_i -A)... 

. . . - A){w^^ - A)A = -^Ev,^,v,^ + 2Ev,^y,,^, 

Ci = A{Wa, - A){Wa, -A)... {Wai_, - A){Wai " = '^^Vh„Vh,_, " 2^^,,,^,, , 

Ci-i = Wai_^CiWai_i = 2Evf^^y^^_^ - 2Ev^^y^^_^, 



C3 = Wa^C^Wa^ = 2Evt^^yt^^ - 2Ev^^y^^, 

C2 = Wa^CsWa^ = 2Ev^^y^^ + 2Ev^^y^^ - 2Ev^^y^^ - 2Ev^^y^^. 

Now 

C = S + C2 = -2Ev^^y^^ + 2Ey^^y^^ - 2Ey^^y^^^, 
Ci = Wa:,CWai = -AEy^^y^^ + 2Ev^^y^^ - 2Ev^^y^^, 

finally, 

Ci + B^ -2Evf^^y,^^. 

Now with the help of Weil group elements and multiphcation of matrix units we get all E^j, 
2m < i,j ^ n, and then all Ei^, 1 ^ i ^ n, 2m < j ^ n, where i correspond to the long roots. 

Now taking the matrix Xe-i^{t) and multiplying it from the both sides to the suitable matrix 
units Ei^i, we can obtain Eij, where i corresponds to a long root, j corresponds to a short one. 
After that it becomes clear, how to get all matrix units Eij, 1 ^ i,j ^ 2m with the help of 
Weil group elements. Finally, as above, we can get all Eij, 1 ^ i ^ 2m, 2m < j ^ n, where i 
corresponds to the short roots, and therefore all matrix units. □ 
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Lemma 6. If for some C G GL (V) we have CE{^, R)C ^ = E{^,R'), where R' is a suhring 
in R, then R' = R. 

Proof Suppose that R' is a proper subring of R. 

Then CM„(i?)C-i = Mn{R'), since the group E{<S>,R) generates the ring M„(i?), and 
the group E{^,R') = CE{^, R)C~^ generates the ring M„(i?'). It is impossible, since C e 
GL„(i?). □ 

Therefore we have proved that p is an automorphism of the ring R. Consequently, the 
composition of the initial automorphism ip and some basis change with a matrix C G GL n{R), 
(mapping R) into itself) is a ring automorphism p. It proves Theorem 2. □ 

6. Proof of Theorem 3. 

In this section we still consider an elementary adjoint Chevalley group -Ead R) of the type 
Bi, I ^ 2, over a local ring with 1/2. 

Recall, that actually we prove that the normalizer of the Chevalley group E^d R) in 
GL„(i?) is A -Gad 

Proof. Suppose that we have some matrix C = (cij) G GL„(i?) such that 

C-Ead($,i?)-C-l=Ead 

If J is the maximal ideal (radical) of R, then the matrices from Mn{J) form the radical of 
the matrix ring Mn{R), therefore 

C-M„(J)-C-i = M„(J), 

consequently 

C-{E + Mn{J)) -C'^ = E + M4J), 

so 

C-Ead($,i?, J)-C-l=Ead($,i?, J), 

since ($, R, J) = ^ad ($, R)n{E + Mn{J)). 

Therefore the image C of C under factorization of the ring R by its radical J gives us an 
automorphism-conjugation of the Chevalley group E^d ($, k), where k = R/ J is a. residue field 
of R. 

Lemma 7. If E^^ ($, k) is a Chevalley group of type Bi, I ^ 2, over a field k of characteristic 
7^ 2, then every automorphism- conjugation is inner. 

Proof. By Theorem 30 from [20] every automorphism of a Chevalley group of the type Bi over a 
field k of characteristic 7^ 2 is standard, i. e., for the given type it is a composition of inner and 
ring automorphisms. Suppose that a matrix C is from the normalizer of i?ad($, k) in GL„(/c). 
Then ic is an automorphism of E^^ ($, fc), therefore we have ic = ig° P, 9 ^ G ad (^5 k), where p 
is a ring automorphism. Consequently, ig-iic = ic = P and some matrix C G GL„(fc) defines 
a ring automorphism p. For every root a G $ we have p(xa(l)) = Xq,(1), so C'xa{l) = Xq,(1)C" 
for all a G $. Thus, the matrix C is scalar, and the automorphism ic is inner. □ 
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By Lemma [7] 

Since over a field every element of the Chevalley group is a product of some element from 
elementary subgroup (that is generated by unipotents Xa(t)) and some torus element, then 
the matrix g can be decomposed to the product taj^{Xi) . . . to,, (X;)xq,-_^ (Yi) . . .Xi^iYjy), where 
Xi, . . . , Xi, Yi, . . . ,Yn G k, tai^{X) is a torus element, corresponding to a homomorphism x 
such that x{c(k) = X, x{(^j) = 1 for j 7^ A;, 1 ^ j ^ /. 

Since every element Xi, . . . , Xi,Yi, . . . ,Yn- is a residue class in the ring R, we can choose (by 
arbitrary way) elements Xi G Xi, . . . , Xi E Xi, yi E Yi, . . . , E Yn, and the element 

9' = (xi)... tc, ixi)xc,^^ (yi) ...Xi^ iyN) 

satisfies the conditions g' E G a_d{^,R) and g' = g. 

Consider the matrix C = g'^^oAs^^oC . This matrix also normalizes an elementary Chevalley 
group -E'ad R), moreover C = E. Therefore we reduce the description of matrices from the 
normalizer of i?ad R) to the description of matrices from this normalizer, equivalent to E 
modulo J. 

Consequently we can suppose that our initial matrix C is equivalent to E modulo J. 

We want to show that (7 G Gad ($, R)- 

At first we want to prove one technical lemma. 

Lemma 8. LetX = Atai(si) . ■ .tai{si)xa^(ti) . . . Xa^{tm)x_a-^{Ui) . . .a;-Q„(Mm) G AEad($,-R, J)- 
Then the matrix X has such n + 1 coefficients {precisely described in the proof of this lemma) 
that uniquely define elements X, si, S2, ti, . . . , tm, ui, . . . ,Um- 

Proof. Firstly we mark a special root sequence in the system $ of the type Bi. 

As we remember, every root of the system Bi has the form either ±ej ± e^, i 7^ j, or ±ej. 
Consider the sequence 

71 = ei + 62 = ai + 2^2 H h 2a/, 

72 = ei + 63 = ai + 0:2 + 2^3 H h 2a;, 



7;_i = ei + = ai + a2 H h ai^i + 2ai, 

7; = 62 + e; = a2 H h ai-i + 2ai, 

li+i = €2 = a2-\ h ai_i + ai, 

I1+2 = 62 - e; = a2 H h a/_i. 



I21-2 = 62 - 64 = a2 + a3, 
I21-1 = 62 - 63 = a2. 

This sequence satisfies the following properties: 

1. 7i is the maximal root of the system. 

2. 72/-! is a simple root. 

3. Every root is obtained from the previous one by subtracting some simple root, and the 
first I subtracted simple roots are different. 
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4. All roots in the systems Ai,Di are either members of the corresponding sequences, or 
differences of some two roots from these sequences. 

To find an element on this position in the matrix we need to write all sequences of roots 
Pi, . . . , Pp with two following properties: 

1. /i + A G $, + /3i + e . . . , /i + A + ■ ■ ■ + A G . . . , + /?i + ■ ■ ■ + /3p = z/. 

2. In our initial numerated sequence ai, . . . , am, —cti, • • • , —ctm roots Pi, . . . , (3p are staying 
strictly from right to left. 

Finally, in the matrix X on the position {/i, u) there is sum of all products ±/3i ■ P2 ■ ■ ■ Pp^J 
all sequences of roots with these two properties, multiplied by = As^"^'''^ . . . li /j, — u, 

then we must add 1 to the sum. 

We shall find the obtained numbers A, Si, . . . , si, ti, . . . , tm, Ui, . . . ,Um step by step. 

At first we consider in the matrix X the position (—71, —71). We can not add to the root 
—71 any negative root so that in the results we get a root again. If in the sequence Pi, . . . , Pp 
the first root is positive, then all other roots have to be positive. Therefore, on the place 
(—71, —71) there is just d-^-^, and we can know it now. Now consider the place (—71, —72)- By 
the same reason the obtained sequence is only a^^ =71 — 72, i- e., some simple root a^j. Thus, 
it is ±d_^^tfei on this place. So we also have found tk^- If we consider the positions (—72, —72) 
and (—72,-71), we can see that by similar reasons there are d^^^ll ± Uk^tk^ and ±d^j^Uk^, 
respectively. So we know d_y^ and u^.^. 

Now we come to the second step. From above arguments in the matrix X on the place 
(-72, -73) there is d-j^{±tk^ ± Ukfy^^^), where = 72 - 73, ctfci.a = CKfei + Oik^', on the place 
(-73, -72) there is d^^J^±Uk2±Uk^ Jk^); on the place (-71, -73) there is d^^^ (±tfc, ji^^tfej (the 
second summand can absent, if ki < ^2); on the place (—73, —71) there is d_y^{±Uk^ 2 ^ '"fe'^fci) 
(the second summand can absent, if k2 < ki), finally, on the place (—73, —73) there is 0^-73(1 ± 
''^ki,2^ki,2 i Wfei^fei)- Prom these five equations with five variables (from radical) we uniquely can 
define values of variables, after that we suppose that d—^j, d—^j, 73, ^i, ^2, ^1,2, ^1, ^2, ^1,2 s-re 
known. 

Suppose now that we know numbers ti,Uj for all indices corresponding to the roots of the 
form 7p — 7g, 1 ^ P,q < s, all d-^^, 1 ^ r < s, and also s ^ I + 1. Consider the positions 

(-71, -Is), (-7s, -71), (-72, -Is), (-7s, -72), ■ ■ ■ , (-7s-i, -7s), (-7s, -7s-i) and (-7^, -7,) 
in the matrix X. Clear that on every position (— 7i,— 7s), 1 ^ i < s, we have the sum of 
the number tp (where p is the number of the root 7i — 7s, if it is a root) and products of 
different numbers ta, Ub, where only one number in the product is not known yet, and all others 
numbers are known, all of them are from the radical, multiplied by (i.^.. The same picture is 
on the positions (— 7s,— 7i), 1 ^ i < s, but there the single element (without multipliers) is 
not tp, but Up. On the last place there is d_^^{l + S), where S is also a sum of described type. 
Therefore we have the number of (not uniform) linear equations, greater to 1 than the number 
of roots ±(7, — 7s), with the same number of variables, in every equation precisely one variable 
has an invertible coefficient, other coefficients are from the radical, for different equations such 
variable are different. Clear that such system of equation has the solution, and it it unique. 
Consequently, we have made the induction step and now we know the numbers ti,Uj for all 
indices corresponding to the roots of the form jp — jq, 1 ^ p,q ^ s, and also d^^^. 
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After the Z+l-th step (s = l+l) we know all d_^-^, . . . , d_^^_^j^, that uniquely define A, Si, . . . , si. 
After that we know all d_^., Z + 1 < i ^ 7^. On following steps we do not consider the last 
position of the form (— 7j, — 7i), the number of equations and variables decreases to one. 

On the last step we know numbers tj, Uj for all indices corresponding to the roots of the 
form 7p — 7g, 1 ^ p,q ^ k. Consider now in the matrix X the positions (—71, h^-^), {h^i, —71), 
(—72, ^72)5 (^725 ~72); • • • ; (~7fc, ^7fe); (^7fe; ~7fc)- Completely similar to the previous arguments 
we can find all coefficients t and u, corresponding to the roots ±71, . . . , ±7fc. 

After that we know all coefficients in the product; moreover, in the proof of the lemma we 
have described the correspondence between them and positions of the matrix X. 

Therefore Lemma is completely proved. □ 

Now we return to our main proof. Recall that we work with the matrix C, equivalent to the 
unit matrix modulo radical, and mapping elementary Chevalley group to itself. 
For every root a G $ there is the equation 

(2) Cx^il)C~' = x^il) ■ ga, gaeG,d{^,R,J)- 
Every element ga ^ G a.d i^, R, J) can be decomposed into the product 

(3) + ai) ...tai{l + ai)Xa^{bi) . . . Xa^{bm)Xa^^{Ci) . . .Xa„^(Cm), 

where oi, . . . , a/, 61, . . . , bm, Ci, . . . , G J (see, for example, [2J). 

Let C = E + X = E + (xij). Then for every root a G $ we can write a matrix equation [2] 
with variables Xij, oi, . . . , a;, 61, . . . , bm, Ci, . . . , c^, every of them is from the radical. 

We change these equations. We consider the matrix C and "imagine", that it is a matrix 
from Lemma [HI Then by some its concrete n + 1 positions we can "reproduce" all coefficients 
X, si, . . . , si,ti, . . . , tm, ui, . . . ,Um iu dccompositiou of matrix in the product from Lemma [HI In 
the result we obtain some matrix D from elementary Chevalley group, every its coefficient is 
some (known) function of coefficients of the matrix C. Change now the equations ([2]) to the 
equations 

(4) D-'Cx^{l)C-'D = x„(l) • gj, gj eG^ ($, i?, J). 

We again get matrix equations but with variables Uij, a'^^, . . . , aj, 6']^, . . . , 6^, c'^^, . . . , c^, every of 
them also is from the radical, and every Up^q is some known function from Xjj. We denote the 
matrix D'^G by G' . 

We need to show that a solution exists only if all variables with primes are zeros. Some 
also have to be zeros, and others disappear in equations. Since the equations are too 
complicated we shall consider the linearized system of equations. It is sufficient to show that 
all variables that do not disappear in the linearized system (suppose that there are q such 
variables) are members of some subsystem consisting from q linear equations with an invertible 
(in the ring R) determinant. 

in other words, from the matrix equations we shall show step by step that all variables are 
zeros. 

Clear that linearization of the product Y^^[E + X) gives some matrix E + {zi^j), that have 
zeros on all positions described in Lemma [H 
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To find the final form of tlie linearized system we write it as follows: 

(E + Z)xa(l) = Xa(l)(E + aiTi + al ...).. .(E + aiTi + al .. .)■ 

■ {E + hX^, + h\Xlj2) ...{E + c^X_^, + clX\j2){E + Z), 

where X^ the corresponding Lie algebra element in the adjoint representation, the matrix Tj is 
diagonal, has on the diagonal p at the place corresponding to the vector Vk iff in decomposition 
of ak in the sum of simple roots the root ai entries in this decomposition p times (p can be 
zero or negative); on the places corresponding to the basis vectors Vj, the matrix has zeros on 
the diagonal. 

Then the linearized system is 

Zxa{l) - Xo,{l){Z + aiTi H \-aiTi + hX^^ H h CmX^^) = 0. 

Clear that for simple roots the summand biXa^ is absent; besides, 2m fixed elements of Z are 
zeros. This equation can be written for every a; G $ (naturally, with other aj,bj,Cj), and can 
be written only for the roots generating the Chevalley groups, i. e., for cti, . . . , a;, — cti, . . . , —ai. 
The number free variables is not changed: 

'Zxai{l) - Xai{l){Z + ai^iTi H \-ai^iTi+ 

+bi,lXai H 1- bm,lXam + Cl,l^-ai "I ^ Cm,lX-am) — 0^ 

Zxai{l) - Xai{l){Z + ai^iTi H h az,/T;+ 

^ +bi^lXa^ + h XaJ^rnjXa^ + Ci^iX_a^ + h CTn,lX_a^) = 0; 

- + ai,i+iTi H h ai^i+iTi+ 

+^l,i+l^ai + 1- bm,l+lXa^ + Ci,i+iX_ai + h Cm,l+lX_am) = 0; 

Zx_ai{^) - ^-ai{^)iZ + ai,2iTi H h %2lTl+ 

+bl,2lXai H h ^'m,2Z-'^a^ + Cl,2lX-ai + h Cm,2lX-a^) = 0. 

Suppose that we fixed the obtained linear uniform system of equations with described n + 1 
zero positions. Recall that our aim is to show that all values Zij, Us^t, bs,t, Cs,t are zeros. 

At first we consider the pair of equations with numbers 1 and / + 1. Clear that all other 
corresponding pairs for the long roots have the same construction (since there is a substitution 
of basis that moves any long root to any other long root). 

We can rename basis so that the matrices Xa^ (1) and X-a^ (1) have the forms of three diagonal 
blocks: the first one is corresponded to the basis vectors {xai,X-ai, hi,h2}, the second one cor- 
responded to {xa I («!, a) = ±1}, and the third corresponded to {xa \ {cki, a) = 0; /is, ... , hi}. 
Also the third block is just a unit matrix. Let 

/A 0\ /A' 0\ 

x^,{l)^ S , x_,,(l)= 5' 
\0 Ej \0 eJ 
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and suppose that all matrices Y under consideration also have the similar block form: 







Yl2 


Yl3 






Y22 


Y23 






^32 


^33 



Denote the matrix ai iTi + 02 1T2 + 



dLiTi + 6i,iX, 



ai 



Ci,iX_a, H h 



c^_iX_Q,^ by D. Note that from the basis construction D^^^ — D^ i — 0. Then the first equation 



IS 




Z12B 
Z22B 
Z32B 




ADu 
BD22 
D32 




0, 



'AZn AZi2 AZi3 
BZ21 BZ22 BZ23 
Z31 Z32 Z33 

Prom the written equality directly follows that D33 = 0. Therefore, 03 1 
h,i = Cfc,i = {ai,ak) = 0. 

Now consider a positive root a such that /? = a + ai G $ and a,f3 are from the first 
/ + 1 members of the sequence 71, • • • ,7fc, namely, 7; = 62 + ei (similar pairs of roots in the 
sequence 71, . . . , 7;^. can be found also for q;2, . . . , a; according to the property 3 of the sequence 

7i,---,7fe)- 

Consider the basis part a, —a,f3, — /3. For the matrices and this basis part is 

a direct summand, therefore one can consider it independently. By the construction we know 



that Z- 



(X,—(X 



Z-I3-I3 = Z-a-13 = Zf3, 



0. We have the condition 



(\ 



1 










1 

1 





o\ 
-1 



1 











/I 



1 



-1 



1 







+ 



As the result we obtain that the following matrix is equal to zero: 



-'a,— a 















^1,1 







-Cl,l 















ap 





Cl,l 





-a/3 



Cl,l 



-ci,i u ap 

0. Since we know that 03^1 — • • ■ — ai^i 



0, we have 



/ Za,p — aa Ci,i Za,-a \ 

Z-a,/3 + Z-i3^a Ci^l + ^1,1 ~ ^0 

Zf3,i3 — Za,a " " ^1,1 —Za-a ~Za,i3 + Ci,i — ttfS —Zf^-a — Za-fj 
V ^-/3,/3 -Cl 1 

So we see that = = bi^i 
ai,i = 02,1 = 0. 

Consider such a root a e that a + ai & In the sequence 71, ... ,7^ we find such 
roots 7p and 7^, that '^q — 'Jp = ol. The roots a can be of three following forms: a = 62 — e,;, 
^Z; Q! = 62 + 62, q; = 62. For these three cases only two situations can be 

possible: 

1) the root 7^ is orthogonal to the root ai, and the root 7^ is not orthogonal. Then 7' = 7g+Q;i 
is also a root, we can consider the basis part 7^, — 7p, 7^, — 7^, 7', —7', that is an invariant direct 
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summand for Xq,^(1). On this basis part 



/I 



















1 




















1 




















1 





-1 








1 





1 





\o 














1/ 



the matrix Z has the positions z^^^^^^^ 
is 

/ 





ba,l 



'a+ai ,1 















and 









^jg,-jp equal to zero (by Lemma [8]), the matrix D 

\ 





-ba,l 








'^a-\-ai,l 









''a+ai 





, 



Now from the main condition the following matrix is zero: 



/ 













^a + Qi ,1 


^7p ■ — rq 












^ — rp,-i' 


ba,l 





^a + ai , 1 






-ba,l 













~^7g,-7g 




2 


-l' .Ip ^-1 






'^-7',-7g 




^—7' , — 7' ~ ^—fq 


-7g 




ba,\ — ba + Qi,l 






~^7?,-79 


""^79 ,7' 


~^l',-lq ~ ^fg, 


-7' 


\ 















Z 


; 


Easy to 


see, that h^ i = 


^a+ai,l Cq- 


-Ql,l = 0. 











2) In the second case we have 7" = 7p — «i G (75,0:1) = 0. This case is similar to the 
previous one, and on the basis part 7p, — 7^, 7^, — 7^, 7", —7" the following matrix is zero: 



/-zy, 


,7p 


~'^7p,-7" ~ "^7". — fp 




^7".-7<} 


^lp,lp ~ Z^ii j// 




\ 







~^--lp, — t" 





6a, 1 


^-tp,Jp 







-ba 


1 


~^lq, 1" 








^7g!7p ~ ^a + CKi,! 












^ — 7"t"9i — 7" '^CK,1 








^ — l'<j,7p 


Ca.-'ra.i ,1 











^a-\-ai , 1 





'^7".7p 







\^~7p 


7p 


~^-7",-7" +^-7p- — 1p 


^-7p,7<j 


ba + ai,\ — be,,! 


^ — k",7p ~^ ^ — Kp,7" 


^ — Tp, — f" 


J 



a + ai we similarly obtain two 
Ca,i = for every a G $. 



We again have ba^i = ba+ai,i = Ca+ai,i = 0. 

Considering a pair of roots 7^, 7^ with the property 7^ — 7^ 
cases and Ca,i = 0. 

Therefore we proved that Oj^i = for every i = 1, . . . , /, ba^i 
Consequently, the matrix Z commutes with Xq,^(1). 

Similarly from other I — 2 conditions we obtain that the matrix Z commutes with all x±ai (1), 
i = l,. 

Clear that it means that Z commutes with all X±ai, i = 1, ■ ■ ■ ,1 — 1- 
Now we need to consider only to conditions: for a;±e;(l)- 

Similarly to the long roots the matrices x±e;(l) are decomposed into diagonal blocks. As we 
know from the previous sections, these blocks are corresponded to the basis parts {f±e,;±ej I 
1 ^ i < j < /} U {V/ij, . . . , Vhi_2} (both matrices are identical on it), {v±ei±ei,v±e-}, I ^ i < I, 
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Similarly to the situation with long roots we can get D^^ = 0, i.e., ai^i = ■ ■ ■ = a/_2,; = 0, 
h,i = Ck,i = for Qffc = ±ei ±ej, 1 < j < I. 

Now consider the roots 7;_|_i = 62 and 7; = 7^+1 + a; = 62 + 6;. Consider the basis part 
62 — Q — 62, 62 + e;, —62 — 6;, 62, —62- For the matrices (1) and x_q,, (1) this basis is a direct 
summand, therefore it can be considered independently. By the construction we know that 

^-62,-62 — ^-e2-e(,-e2-e( = ^-e2,-e2-e( = ^-62-6;, -62 — 0- 

Besides, if Z commutes with all X±ai-i ■ ■ ■ ■iX±ai_^, then Z commutes with Xej-e;, -^ej-e2- 
Considering the basis part {ve2-ep ^"6,-62, ^ea+e,, ^-ea-e,, V^i, • ■ ■ , K^}, we see that z^^p = for 
all pairs {a, (3), where either a — ±(e2 — ci), P — ±(e2 + c;), or a = ±(e2 + ei), (5 — ±(e2 — e/). 

Now we have the condition 
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It directly implies ai-i^i = ai^i = bij = ci^i = 0. 

For the roots Cj — e^, + e;, Cj, 1 ^ i < I, we act in the same manner as above, when we 
considered the first condition, and we obtain that all coefficients ba,i and Ca,i are zeros. 
Similarly we consider the condition with 

Therefore Z commutes with all Xa{l), a e Since Z has zeros on the diagonal (by the 
construction) it is zero. Theorem is proved. □ 

7. Proof of the main theorem (Theorem 1). 

Lemma 9. //t G Ga,d{^,R) is a torus element ($ is one of the systems under consideration, 
R is a local commutative ring), then there exists such a torus element t e Gt^{^, S) that a ring 
S contains R, t lies in the normalizer ofGT^{^, R), under factorization o/G,r(^, S) by its center 
t gives t. 

Proof. Clear that it is sufficient to prove the lemma statement for basic elements of the torus 
Tad(*3?,i?). Since all roots of the same length are conjugate, we can consider only two torus 
elements: ti = Xaiif^i) and ti = Xa, (n). Torus elements under consideration acts on the 
elementary subgroup as follows: tiXa{s)tj^ = Xair^'s), where a = kiai + /5, does not entry 
in the decomposition /3 in the sum of simple roots. 

Clear that we need only to construct such an extension S of R and torus elements of the 
group G'^($, S), ti and ti, that tiXa{s)t^^ — tiXa{s)t^^ for all a e s e R. 
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Clear that if the constructed torus elements act correctly on simple roots, it automatically 
acts correctly on all roots. 

Consider a ring 5*, that obtained from R by adding a root of the second power from ri and 
ri. Denote these roots by si and si respectively. Then the obtained elements are 

and 

it is checked by direct calculations. 

Therefore, all obtained extensions of R are found, elements t are constructed. □ 

Let us prove now the main theorem (Theorem [1]). 

Proof. The case when the Chevalley group is elementary adjoint, evidently follows from Theo- 
rems [2] and [21 

Suppose now that we have any other elementary Chevalley group Et^{^,R) and some its 
automorphism ip. Its quotient by the center is isomorphic to the elementary adjoint group 
Ead R), so we have an automorphism ^ of the group E^,^ ($, R). Such an automorphism is 
decomposed to 

where p is a ring automorphism, (fj is a conjugation by ^ G Gad i^, R)- Note that an automor- 
phism p can be easily changed to a ring automorphism p of the group Et,{^, R) such that p on 
equivalence classes of the group -E'7r($, R) by its center acts in the same way as p. 

Now consider an automorphism ipg. Note that g = te, where t G Tad -R), e G £'ad R)- 
For an element e we can find such e G Et^{^,R) that the image e under factorization by 
its center is equal to e. An element t has its inverse image t G T.,^{^,S), where S" is a ring 
obtained from R by adding some scalars (see Lemma [9]). Also t normalizes E.,^{^, R). Consider 
now g = te E G'^($,S'). Clear that under factorization the group Et^{^,R) by its center an 
automorphism (fg gives us an automorphism ipg. 

Now consider an automorphism 

It is an automorphism of E.,r{^,R), under factorization by the center it gives an identical 
automorphism of the quotient group. Therefore ip is a central automorphism. 

But since an elementary Chevalley group in the case under consideration is its proper com- 
mutant, we have that every central automorphism is identical. 

Consequently we proved the theorem for all elementary Chevalley groups of types under 
consideration. Namely, we proved that every automorphism of i?^(<l',-R) is a composition of 
ring and inner (but not strictly inner) automorphisms. 

Now suppose that we have a Chevalley group Gt,{^,R) and its automorphism ip. Since an 
elementary group Et,{^, R) is characteristic (commutant) in G.„{^, R), then ip is simultaneously 
an automorphism of the elementary subgroup. On the elementary subgroup it is the composition 
P^fgy 9 ^ G'7r($, 5'), and g = te, where e G Et,{^, i?), t G T^($, S). The first two automorphisms 
are clearly extended to the automorphisms of the whole group G^($,i?), and the second one 
is an automorphism of this group, since the torus elements commutes. Then the composition 
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ip = ifg-i o p^^ o is an automorphism of G.,r{^,R), that acts identically on the elementary 
subgroup. Since G.„{^,R) = Tt,{^,R) ■ Et,{^,R), we need only to understand how ip acts on 
torus elements. The element t^^ip{t) G Gt^{^, R) lies in the center of Et^{^, ), therefore, in the 
center of Consequently the automorphism ip is central. 

Therefore, Theorem [T] is proved for all Chevalley groups under consideration. □ 
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